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Teopusa BeposiTHOCTEI

1.1 BepositHocTHOe mpocTpaHcTBOo. Omnepammm  HafA
cobpiTusaMu. CBoiicTBa BEPOSATHOCTH

Omnpenenenne. [Ipocmparcmso asemeHmapHus ucrodos ) — J10boe HelycToe
MHOKECTBO, COJIeprKalllee BCe BO3MOXKHBIE Pe3y/IbTaThl CJIyJIailHOro 9KCIIePHMEHTA.
DJIeMeHThI w € ) — aasemenmaphrvie Ucroool.

Onpenenenne. Anzeopa A — MHOXKeECTBO NOJAMHOXKeCTB (2, objajarornee
CJIeIYIOMNMI CBOICTBaMIU:

1. Qe A
2. Ac A = Ac At

3. ABe A = AUB € A (o uaaykiym: Ay, A, ..., A, € A =

1=1

Bamevanne. Ecin A, B€ A, 1o ANB=AUB € A.

Onpenenenne. o-arzeopa F — MHOXKECTBO IOJAMHOXKecTB (), obJjiajaroliee
CJCYIONINMI CBOVCTBAMMU:

1. Qe F,;
2. Ac F = Ac F;

o0
3. Al,AQ,...,An,... e F — UAz e F.
i=1
ITpumep. Muoxkectso Beex mommuoxkects 22 u muozkectso { @, Q} — o-anrebpor
uaj ).

3ameuanue. Jliobast o-ajrebpa spisiercst aJjreopoii. Ilepseie jiBa mnyHKTa
onpeJieJIeHUil  MJEHTUYHbI, paccMoTpuM Tpetuit. Jlns  Jiroboit  KoHedHOI
nocjieioBareibuoct Ay, Ag, ..., A, € A cocTaBuM COOTBETCTBYIOINILYIO CIETHYIO
nocJie10BaTeabHOCTh A1, Ao, ..., Ap, Apyr = D, A0 = O,... € A. Ilycroe
MHOKECTBO @ IpHHaIeKuT o-anrebpe (T.K. & = €1). ITo onpeaenenuio o-ajarebpor:
o n

UA ¢ F = JA, € F, cieioBarejibHO, BBINOJHEH TPETUIl ITyHKT

i=1 i=1
orrpeie/IeHusT aaredphl.

13neck u B gamsueimem A = Q\ A — donoanenue K A.



Ompenenenne. Cayuatinoe cobvmue A — saeMeHT o-aaredpol F, T.e. HEKOTOPOe
IIOJIMHOYKECTBO 9JIEMEHTAPHBIX NCX010B. A = @& —nesoamoorchoe coovumue, A = ) —
docmosepnoe cobvimue. CobbiTie A — npomusononosicrioe A, T.e. TPONCXOTAT
TOTJIa U TOJBKO TOIJIa, KOTJIa He IPOUCXoanT A.
Oneparyuu HaJ COOBITUSIMU:
e Obsedunernue AU B — npoucxomut win A, nin B, wim oba BMecTe.
e [lepecenernue AN B (wm AB) — npoucxonst u A u B Bwmecre. Eciu
AB = @, 1o cobbitust A 1 B HA3bIBAIOTCS HECOBMECTIHDLMU.
e Pasnocmv A\ B — npoucxonut A u He npoucxoaur B.
o Cummempuueckas paznocmo AANB — b0 nponcxoanT A u He IPOUCXOIUT
B, mu6o npoucxoaur B u He npoucxogur A.

Onpenenenne. o-ajaredpa nopootcdena kaaccom K, ecim OHa  ABJISIETCS
nepecedeHneM BcexX o-aJiredp, cojepxKkanumx K, T.e. gBIdeTCd MUHUMAALHOU
o-anzebpotl, copepxkareit K.

ITpumep. Ilycts K = {A}, Torma o(K) = {2, A, A, Q}.

Onpenenenue. Beposmuocmuan mepa WIN 6EPOAMHOCTIG — (PYHKITHST
P: F — R, obnagatomasi cIeyoIIMu CBOIICTBaMIE:

1. P(A) >0 VA e F (neompuuamervrnocms);
2. P(Q) =1 (nopmuposka);
i=1 i=1
(cuémman addumusrocmy).

3ameuanue. V3 cdéTHOIl aJIMTUBHOCTH, OYEBUIHO, CJeJIyeT U KOHEeUIHasl
aJIUTUBHOCTb, JOCTATOYHO PACCMOTPETb  II0CJIEeI0BATE/JILHOCTL  COOLITUI

Al,AQ,...,An,An+1 :@,An+2:®,... e F.

CsBoiicTBa BEpPOSATHOCTH.

1. P(@) =0;

2. A, Be F,BCA = P(A) > P(B) (moromonrocmns);
3. P(A\ B) = P(A) — P(AB);

4. P(LAUB) =P(A) + P(B) — P(AB);

5. YA DAy D...DA,D..., (| Ay =A: lim P(A,) = P(A)

1 n—0o0

i 2

(HenpepuieHocms ).



JlokazaTejabCTBO.

1.

Paccemorpum nocsenoBaTeibHOCTD coobituii A1 = Q, Ay = @, ...,
A, =9,...

i=1 1=1

IIpu stom A;A; = @ (i # j), cile/I0BaTeIbHO, 110 IIyHKTY 3 OIpe/eJ/IeHIs

Bepositnoctn: »  P(@) =0 = P(@) = 0.
i=2

. BCA = A= (A\ B)U B. I3 HeOTpUIATEILHOCTH BEPOSITHOCTH N

Toro, uro (A\ B) N B = &, caenyer, uro P(A) = P(A\ B) + P(B) > P(B).
Kpowme Toro, B atom caygae P(A\ B) = P(A) — P(B).

. Jlokazare/jbcTBO aHAJIOTMYHO IIYHKTY 2 IIPU IpeicTaBieHnn A B Buje

— (A\ B)UAB.

[IpeacraBum obbemunenne cobpituit A n B B Bujge AU B = (A\ AB) U B.
Ouesuyto, uro (A \ AB) N B = &, oTKy/la 110 IIyHKTY 3 OMpejeeHus
BEPOSITHOCTH CJIEJLYET:

P(AUB)=P((A\ AB)UB)=P(A\ AB) + P(B),

P(A\ AB) =P(A) —P(ANAB) =P(A) — P(AB).

Crenosaresnsno, P(AU B) = P(A) + P(B) — P(AB).

. Pacemorpum muoxkectBa C, = A, \ Ans1, n € N. Oun HecoBMecTHBI (IyCTh

[ < m, torna Cp, = (Ap \ A1) C Ay C Apor C ... C Apyq, HO
C :AZ\AZ+1 — /NG, = @). Torna

UC UA, P(A) = (UO UA>_§:IP>(C

n=1

> P(C,) = P(A) — P(A).

n=1

Taxkum obpa3om, psiJi U3 BepodTHocTeil cobbiTuit C),, cxXoauTcs. ITO
o

PaBHOCHJILHO TOMY, 4TO ero octatok y . P(C),) crpemurcs K HY/IIO TIpH
n==k



k — oo. Ho nipu sTom

[OJ C,UA=A, P(A)=P D C,UA| = ip(cn) +P(A).
n=~k n=~k

n=~k

[lepeiijis B ocsieiHeM paBEeHCTBE K Ipejiesy Ipu k — 00, MOy IIM

lim P(A;) = P(A).

k—o0

Sameuanue. MoxKHO 10Ka3aTh, YTO CUETHas &JUIUTHBHOCTH DABHOCUJIbHA
OJIHOBPEMEHHOMY HAJIMYII0 KOHEYHOH a/IUTUBHOCTH U HenpepbiBHOCTH. HbIMI
CJIOBAMHU, TPETHIO aKCHOMY B OIIPEJIEJIEHIN BEPOSITHOCTH MOYKHO 3aMEHUTh Ha 1apy
YTBEPZKICHUIL:
e VA,B, ANB = @: P(AU B) = P(A) + P(B) (10 WHIYKIMNA MOYKHO
MOKA3aTh aJIATUBHOCTD JIJIs1 JIOOOTO KOHETHOTO 1);

e VA DAy D...D A, D...; () Ay = A: lim P(A,) = P(A).

n=1 n—00

Onpegnesnenne. Beposmuocmuoe npocmparcmeo — tpoiika (€2, F,P), rue Q0 —
MHOXKECTBO 3JIEMEHTApPHBIX HCXOJ0B, F — o-anredpa uaj {2, BeposaTHOCTH P
omnpejiesieHa Ha JF.

3amedanme. BepogTHocTHOE MPOCTPAHCTBO HE ABJISIETCH MPOCTPAHCTBOM B
pyHKIIMOHATHHOM CMBIC/IE.

IMpumep. Tpoiika ([0, 1], Bj1y, Ajp,1]), Te A — mepa Jlebera, B — Oopesesckast
o-ajrebpa, sIBIAETCs BEPOSATHOCTHLIM IIPOCTPAHCTBOM. B camom Jese:
e 1 =10,1] — memycroe MHOXKECTBO;
o B — o-anredpa naz 2 = [0, 1];
e M) = A([0,1]) = 1, VA € By MA) > 0 u mepa cudTHOIO
00 beIMHEHNS HEIIePECEKAIOUXCA MHOXKECTB €CTh CUGTHAA CyMMa UX Mep,
T.€. BBIIOJIHSIIOTCS TPY AKCUOMBI BEPOATHOCTH.
B to e mpemsa tpoiika ([—1,1],B_1 1, A\|-11]) HE OymeT BEPOATHOCTBIM
IPOCTPAHCTBOM, T.K. HAPYIIAETCA CBOMCTBO HOPMUPOBKHU BEPOATHOCTHOI MEpDI:
A(2) = 2, cresoBaTeIbHO, BEPOSITHOCTH HE 3a/IaHA.

Onpegnenenne. [lycrs Q = {wy,ws, . .., w,} — KOHETHOE HEIIYCTOE MHOYKECTBO,
F — muOkecTBO Beex noamuozkects €. Ionoxum P({w;}) = p;. BeposroctHoe
IPOCTPAHCTBO, OMPEIEJIEHHOE TAKUM 00pa3oM, — JUCKpemmoe 6EPOAMHOCTIHOE
npocmpancmeo. Ilpu srom musg oboro cobprtus A = {wy,...,w;, } ero



k
BepoaTHOCTL P(A) = ) p;;. Takum obpasom BBOAUTCA KAaCCUMECKOE Onpedesenue

6EPOAMHOCTNUY Ha AUCKPETHOM BEPOATHOCTHOM IIPOCTPAHCTBE!:

1 k
pr=pe=...=p,=—, PA)=— k=]|A|,
n n

T.€. BCE€ dJIEMEHTAPHbIC UCXOAbl CIHUTAXOTCA PA6HOB03MOHCHBIMU.

1.2 VYciaoBHass BepodTHOCThH. HezaBucumMocThb COOBITHIA.
Kpurepuii  He3aBUCUMOCTMH. ®opmysia  ITOJIHOI
BeposaTHOCcTU. PopmyJia baiieca

Onpegnenenue. [lycrs 3amano BepositnocTHOE poctpancTso (€2, F,P),
coowitust A, B € F, P(B) > 0. Vcaosnas eepoamnocms  cobvimua A npu
cobvimuu B:

P(AB)

P(B)

P(A|B) =
YrBepxkaenue. Veaosuaa sepoamuocms P(A|B) — sepoamuocmy, 3adannan ma
o-anzebpe F.

okazaresabcTBOo. [IpoBepnM Tpu aKCHOMBI U3 OMpe/Ie/ICHIS BEPOSITHOCTH.

1. VA€ F P(A|B) >0,1x. P(AB) >0, P(B) > 0;

Q
2 soipy - FEO0_ PO

3. Ilycrn mama HekoTopasi IMOCIEI0BATEILHOCTD COObITH A, Ay, ... Ay, .. .
AiA; =@ (i # 7). Torga:

)- #((9x)5) _#(Gunm)

P(GAZ- B
1=1

3amedanune. Hekoropblie cBoOiiCcTBa YC/IOBHOI BEPOSITHOCTH:



1. Ectu AN B =@, 10 P(A|B) =0.
2. Ecoim B C A, 1o P(A|B) = 1. Hanpuwmep, P(B|B) = 1.

HezaBucumocTp coObITUIT

Omnpegesienne. [lycts ecth BepositHocTHOE TpocTpancTio (€2, F, P). Cobbrrust
Ay, ..., A, € F Ha3BIBAIOTCSI HE3G6UCUMBLMU 6 cosokynnocmu, ecan Yk = 2.n
Vi, ... ik 1 <ip <19 <...< 1 < N BbIIOJHSIETCS:

k k
P <ﬂ Aij> =[P

ubiMu ciioBaMu, COOBITHSI HE3aBUCUMbI B COBOKYITHOCTH, €CJIN BEPOSITHOCTD
OJIHOBPEMEHHOI'O HACTYILICHUS 100020 Habopa W3 STUX COOLITHII paBHA
npousdsedenuto seposmmuocmedi COObITII, BXOISIIUX B 9TOT Habop. B gacTHOCTH,

npu n = 2 cobeitusa A n B nesaucumbl, ecin P(AB) = P(A) P(B).

CBolicTBa HE3aBUCUMbIX COOBITHIA.

1. Ecau A = @ uau P(A) = 0, mo VB: P(B) > 0 coowmus A u B

HeE3a6UCUMDL.

2. ITyemov A u B nesasucumor. Toeda cobvimus A u B, A u B, A u B maxoice
HE3A6UCUMDL.

3. Illyemv A C B uP(A) > 0, P(B) < 1. Toeda A u B 3asucumoL.
4. Ecau cobvmua A u B nesasucumovr u P(B) > 0, mo P(A|B) = P(A).

,Z[OK&B&TG.TII)CTBO.

1. Eeom A=9, 10 AB=92 — P(AB)=0. HoP(A)P(B) =0-P(B) =
0 = P(AB) =P(A)P(B).
Ecmn xe P(A) =0, 170 ABC A = P(AB) < P(A) = 0. B 10 e Bpems
0=P(AB)=0-P(B) =P(A)P(B).

2. JokaxkeM HezaBucuMocTh A u B, npejcTaBuB mocjejHee B BUJe

B = ABU AB. Torna

P(B) = P(AB) + P(AB) = P(A) P(B) + P(AB) —
— P(AB) = P(B) — P(A)P(B) = P(B)(1 — P(A)) = P(A) P(B).

Hezasucumocts A 1 B jgokazana. AHAJIOIMYHO JTOKA3LIBAIOTCS OCTAJIbHBIE
YTBEPKJIEHUSI.



3. Ilpenmosoxum, aro cobbitus Hesapucumbl. Torga P(AB) = P(A)P(B), Ho B

cuity Bioxkennoctu A C B: P(AB) = P(A) > 0, caenosarenbro, P(B) = 1,

YTO IIPOTUBOPEYUT YCJIOBUIO.

A A
4. P(A|B) = IP;(B? - P(PzgsB) = P(A).

3ameuanue. B obmiem ciryuae u3 momnapHoil He3aBUCHUMOCTH cOObITHIT A1, ..., A,

HE cjieayeT nxX HE3aBUCHUMOCTDb B COBOKYIIHOCTH.

IIpumep. Paccmorpum mpaBuabHBIN TeTpasip, TPU Ipal KOTOPOTO OKPAIIEHEI

COOTBETCTBEHHO B KPACHBIIl, CUHUIL, 3eJIEHBIIT [1BETA, a YeTBEPTas I'PaHb COMAEPKUT

Bce Tpu 1eta. CobbiTie R (coorBercTBento, (G, B) 03HAYaeT, 4TO BbIIAJIA I'DaHb,

coJiepzKaliast KpacHbI (COOTBeTCTBeHHo, 3€JIEHBIIT, CI/IHI/H71) 1BeTa.
T.K. KaXXIplif IBET €CTh Ha JBYX I'PaHsIX U3 YETBIPEX, TO

BepOHTHOCTb repecedenms, COOTBETCTBEHHO:

1
27

N —

P(RG) = B(GB) = B(RB) = ; =

cjeJoBaTeJIbHO, BCe COOBITIUS II0IIapHO HE3aBHUCHMDI. O,ZLH&KO BEPOATHOCTD

repecevYeHns BCex TPEX:

P(RGB) = | # P(R)P(G) B(B),

T.€. COOBITUS He SIBJISIOTCS HE3aBUCUMBIMU B COBOKYIIHOCTH.

Ob0o3HaueHune.
A, 0=1;
A =
A;, 0=0
Kpurepnii HeszaBucumoctu. Coowmus Ay, ..., A,  He3asucumbl

cosokynnocmu <= Yd1, 09, ...0, € {0,1} swinoanero pasercmeo

N A\ TP (40
(0] I

6



®opmysia moJiHON BepossTHOCTHU. [[ycmv danv, cobwmus A, By, ..., By, ...;

P(B;) > 0, npuuém B;B; = @ (i # j) v U Bi D A (nanpumep, |J B; = Q).
i=1 i=1
Tozda cnpasedausa popmynaa:

oo

P(A)=> P(B)P(A|B).

1=1

okazaTeabcTBO. /locTaTouHo 3aMeTUTh, YTO NPHU BbIIIEEPEINCIECHHBIX

yeaosusix A = (J(AB,), u AB;NAB; = @ (i # j). Torna, yuursisas P(B;) > 0,

=1
[oJIy yaem

00 00 P (ABZ) 00
P(A) = ZP(ABD = ZP(Bi) PB) ZP(Bi)P(A\Bi) :
i=1 i=1 ! i=1
H
Popmyasl  Baiteca. [Tycmv danwe cobwmus A, Hy, ..., Hy, ...; P(A) >0,

P(H;) >0, npuwém HiH; = & (i # j7) v |J H; D A (nanpumep, |J H; = Q).
i=1 i=1

Tozda cnpasedausor popmyav, Batieca:

P(H;)P(A|lH;) R

, 1=1,n.

P (Hi|A)

T o0

ZIP(HJ)P(A|Hj)

JokazaTeabcTBOo. CornacHo ¢opMmyJie MOJTHON BEPOSITHOCTH, B 3HAMEHATE Ie
JIpoOU CTOUT BEPOSITHOCTHL coObiTust A. Torma
P(H;)P(AlH;) P(H;)P(AH;) P(AH))

PA) PAP@E) B A

n

Bepositnoctun P(H;), BbluucjieHHbIe 3apaHee, JI0 [IPOBeJIeHNsT SKCIIEPUMEHTa,

Ha3bIBAIOT ANPUOPHBIMU SEPOAMHOCMAMU (2 Priori — «J10 ombITay ). YCJIOBHbIE

BepositHocTn  P(H;|A)  Ha3BIBAIOT — anoCmMepuopHbMY  BEPOATMMHOCTIAMU

(a’posteriori — «mociie omnbiTas). Popmysa bBaiieca 1103BoJIsSIET IEPEOIEHUTD

3apaHee U3BECTHLIC BEPOATHOCTHU IIOC/IE TOTO, KaK II0JIyYeHO 3HAHUE O Pe3y/IbTare
SKCIICPUMEHTA.

ITpumep. Tect ma pak wumeer HaaékuHOCTH 99% (T.e. BEpOSTHOCTH Kak
OJIOZKUTEJIbHOI, TaK 1 oTpuliaTe/ibHoil omubku pasHa 0,01), pax mossisiercst y



1% nacenenna. Kakopa BeposTHOCTL TOrO, YTO YEJIOBEK OOJICH PAKOM, €CJIH Y HEro
HO3UTUBHBII pe3ysbTar Tecra’
CocraBuM TabJIHILY JJIsI BEPOSITHOCTEH BCEX BO3MOXKHBIX COOBITHI:

[TanuenT peajibHO DOJIEH
a Her
[Tonoxxurenbusrit | 0,99 - 0,01 | 0,01 0,99
Orpunarensusii | 0,01-0,01 | 0,99 - 0,99

PesysibraTr Tecta

Beeném crienyrormue obosnadenus s cobbituit: H, = {mamnuent 6oien},
H_ = {namuent 370poB}, R, = {1m0JI0KNTEJBHDIN pE3y/IBTAT TECTA },
R_ = {orpunarenbubiii pesyibrar Tecra}. Haiiném BepositHocTh cobbitust H

npu ycsosun R, 1o popmysie baiteca:

) P(H,)P(R.|I,) )
UL = S YBR[ + B () (R )

B 0,99 - 0,01 s
~(0,99-0,01) + (0,01-0,99)

uabiMK cjioBaMU, BEPOATHOCTD TOI'O, UTO IallMeHT OO0JIeH, paBHA OTHOIICHUIO
BEPOSATHOCTU IIPABUJILHOIO IOJOKUTEIHHOIO pe3yJbTaTa TecTa K BEepOsTHOCTU
JIIOOOTO TIOJIOXKUTE/ILHOTO PE3yIbTaTa.

PaccmoTrpum 6ostee obmnit cirydait. Ilycts ¢ — BepodgTHOCTH HElTPaBUJIBHOI'O
pe3yJibTara TecTa, p — BEPOSITHOCTH 3a00JIeTh PAKOM, TOT/Ia,

(1—q)p _ p—aqp
(I1-q¢p+ql—p) p+aqg—2qp

P(H|Ry) =

Ota dhyHKIMA npuHIMaeT 3HadeHune (0,5 Ha JuaroHa n p = ¢; HUXKE JUArOHAT —
BeposiTHOCTL Bbile (0,5, T.e. 4TOObI BEpPUTH pe3yjbTaTaM TecTa, BEPOSITHOCTH
00JIE3HN JIOJIZKHA IIPEBBIIIATh BEPOSITHOCTD €0 OMINOKI.

1.3 Cuayuaiinas BeJIMInHA. ITopoxkaennoe 17}
MHAYINPOBAHHOE  BEPOATHOCTHBIE  MPOCTPAHCTBA.
DyHKINA pacnpe/ielieHlsi, €ee CBOICTBa

Omnpenenenne. Dopeaesckan o-anzebpa B o-ajarebpa, IOPOXKIEHHAs
MHOYKECTBOM BCEX OTKPBITHIX MHTEPBasIoB Ha R (MHBIME CJIOBAMU, MIUHUMAJIbHAST
o-ajrebpa, cojepzKaliasi BCce OTKDBITble HHTEPBAJbI). DyieMeHT B € B —
OOPENEBCKOE MHONCECTNEBO.



Onpegenenue. Bopearescran pynxyus — byakius f: R — R:
VBeB fYB)e®.

T.e. OopeneBckas QyHKIUA — 3TO (QYHKIUS, JJIsd KOTOpOil Ipoobpas
(muoxectso f~H(B) = {x: f(x) € B}) moboro 60peseBcKoro MHOMKECTBa, TaKKe
SIBJISTETCST OOPEJIEBCKIM MHOKECTBOM.

ITpumep. Oyuxrus Jdupuxie D: R — {0, 1}

1, z€Q;

D@ =10, zer\ 0

SIBJISIETCST OOPEJIEBCKOIA.
B camom Jene, 1poobpaszoM  JIH0OOr0  OOpPEJIeBCKOI'0  MHOXKECTBA
A, takoro uto 1 € A, 0 ¢ A sBjsiercss MHOXKECTBO —DallMOHAJBHBIX — YUCET,

poobpazoMm  GopesieBckoro MHOxkectBa B:0€ B, 1¢ B MHO>KECTBO
UPPAIMOHAJILHBIX  YUCEJ; IpoobopaszoM  OOpPEIEBCKOIO  MHOXKECTBA
C:0e(C,1e€(C — Bcg BemecTBenHasl IIpsiMasi, HaKOHEIl, IIPOOOPa3OM

oopesteckoro MuHO)kecTBa F: 0 ¢ E. 1 ¢ E — nycroe muoxkectso. Ho Q, I, R, @ —
GopeJIeBCKIe MHOXKECTBA, a 3HAUYUT, BBIMOJIHSIETCS OlpejeeHne OOpeseBCKoil

dyHKIIN.

Onpepenenne. Ilycts F — o-airebpa Ha HEKOTOPOM HEIIyCTOM MHOzKecTBe ().
Oyukius &: () — R Ha3bIBACTCA UMEPUMOT OMHOCUMEABHO T-AAEOPYL J, ecin
IOJIHBII 1Tpoobpa3 DopesIeBCKOro MHOXKecTBa B j1exKuT B F, T.€.

¢YB)={w: {(w) € B} € F VB € B.

3ameganue. Eciu B onpejiesiennn u3Mepumoin (yHKIE noJaoKuTh 2 = R un
BBIOpaTH OOpENIEBCKYIO g-aaredpy B, TO MbI MTOJyUYNM B TOUYHOCTH OIpeesieHne
oopesneBckoit pynkmuu. T.e. OopeneBckue GYHKINHM — 3TO ITOAMHOXKECTBO
U3MEPUMBIX (DYHKITHIA.

Ciy4aiinble BeJIMINHBI

Omnpepesienne. [lapa (X, U), tne X — mpousBosibHOE MHOXKECTBO, a

U — o-anrebpa Haj HUM — udmepumoe npocmpancmeo. Hampumep, (€2, F) u
(R,B) — usmepumble MPOCTPAHCTBA. DJIEMEHTHI o-ajreOpbl U HA3BIBAIOTCS
UBMEPUMBLMU MHONHCECTNEAMU.

Omnpenenenne. Ilycrs ganbl usmepumbie npocrpancrsa (2, F) u (R, B). Torua
u3Mepumasi oTHocuTenbHo F dyuknusa &: 8 — R HazbiBaeTcs cayualinot
EEAUNUNROU.
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Bameuanne. Eciu Mbl BCIOMHEM, UTO 3JEMEHTBI -aareOpbl JF Ha3LIBAIOTCS
COOBITHUSIMIE, TO OIPEAEICHIE MOKHO 1epeOPMYJINPOBATL CJACAYIOINM 00Pa30M:

[Iycte manbl uamepumbie poctpanctsa (2, F) u (R, B). Oyukiusa £: Q —
R naswiBaercst cayuatinot éeaununoti, ecan 1Ipoodpas Jo00oro GOPEIeBCKOro
MHOXKeCTBa, B € B aBjisgercs: cCOOBITHEM.

ITpumep. Ilycts nana dynkius :

1, we [O,%};

flw) = 0, we(,l],

DO —

Q=10,1, F = {9,Q} — vMunnmasbHas o-ajaredpa.

Jokaxkem Hem3MepnMoCTb (DYHKINK &; [IJI 3TOTO JOCTATOIHO HANTH TaKoe
OopesIeBCKOe MHOYKECTBO, IIPo00pa3 KOTOPOIo He OYIeT IPUHAJIIeKaTh o-aJredpe.
B nanuom ciryuae F cocTonT Beero Jmmb n3 aByx muoxkects — {[0, 1], @}.

Kak u B npumepe ¢ dyunkuueii Jupuxie, monpodyem mnepedbpars bopeseBcKue
MHOYKeCTBa, cojepxKaiiue 3Haderust &(w). Torga Mbl yBuIuM, 910 Jjisi JH0O0OT0
oopesieckoro muoxkecrBa A: 0 € A1 ¢ A — Hanpumep, MHOXKeCTBA
A = (—oo, %) — ero npoodbpPa3oM SIBJISIETCST MHOYKECTBO (%,
He BXouT B JF, a 3HaunT, &(w) HensMepnma OTHOCHTETHHO F.

1]. Ho »T0 MmHOXKECTBO

OTrcrona MOKHO €JIeJIaTh HECKOJIBLKO BBIBOJIOB. BO-IIEPBBLIX, M3MEPUMOCTD
dbyHKIIM 3aBUCHT OT BBIOOpa o-ajreOpbl (Kak u ObLIO MOAYEPKHYTO B
ompegenennn). Hampumep, ecim mMbl pacemorpuM Ty ke yHKImio &(w) Ha
tom ke ) = [0,1], HO ¢ mpyroit o-amrebpoit F= {10, 1], [O; %} , (%, 1} , D}, TO
Harra (pyHKIMs OyJIeT U3MepuMoil, a caeJoBaTe/IbHO — CJAYyYailHOW BeJTUIIMHON
(mposepbre!).

Bo-Bropbix (3aberast HEMHOTO BIIEPE]), UMEHHO U3-3a HenmsmepumocT &(w)
OTHOCUTEILHO JF Mbl HE MOYKEM [OCUUTATHL BEPOATHOCTH IMONAJIAHU 3HAYCHUIT
5TOM (PYHKIMU B HEKOTOPLIE UHTEPBAJILL, K puMepy, P (f < %) Beas P (€ < %) =
Ped) =Pwe (%, 1]), HO MHOYKECTBO (l 1] ¢ F, a BEepOSITHOCTH — 9TO

29
orobpazkenne P : F — R, u oHa He onpejeseHa Jjisi TOI0 MHOXKECTBa.

YrBepxkaenue. [lycmv & — cayuatinas sesuvuna, g : R — R — bopeaescrasn
Pynryus. Toeda g(§) — cayuatinan sesuduna.

JlokazaTeabcTBo. HamomuumM, 9To GyHKINs IBAIETCA CayIaiiHol BeTNINHOIM,
ecn 1poodpas Jb0ro 6OPEIEBCKOTO MHOYKECTBA IMTPUHAJJIEKUT g-aaredpe, TO
€CTh

¢Y(B)={w: (w)EBYeF VBEeSB.

Paccmorpum mmpoobpas mponsBoIbHOIO 60peieBCKOro Muoxkectsa, st 1) = g(§&):
N {(B) = {w: g({(w)) € B)} = {w: £(w) € g (B)}-

11



OyHKIMS ¢ 10 IIPEJII0JI0KEHNI0 OopesieBCKasi, CJieJIoBaTe/IbHO, IIPoodpas3
GOpeIeBCKOro MHOZKECTBa ToxKe byier GopenesckuM: g L(B) = C € B. B cpoio
odepesb, & — ciydaiiHasg BeJndunHa, U 1poodpas bopesseBckoro muoxkecrsa C
JexkuT B o-aarebpe F. Takum obpaszom,

N (B) = {w: g(€(w)) € B)} = {w: &(w) € O)} € F.

Mbl mosyumim, 9TO Mpoobopas MPOM3BOJIBLHOIO OOPETEBCKOI0 MHOYXKECTBA
IPUHAIEKUT o-ajrebpe. 3uadut, n = ¢(£) — ciaydaiinas BeJUIHHA. |

YrBepxkaenue. [lycmv E — xaacc nodmmoocecms R, o(E) =B (nanpumep, € —
KAGCC UNMEPEANOS).
To20a & — cayuatinas eeauvuna <= VE € &: £1E) e F.

Jloka3zaTebCTBO.
<= Ilycrb D = {D: D € B, (D) € F}. Torna & C D. Hanee, B cuiy
CBOIICTB npoo6pau30131 1 cIydaiinoit BeJTmInnb &:

CrenoBaresibio, D — g-anrebpa. B =0(E) Co(D) =D CB —

— B =17D.
— (CJleyer HEIOCPEJICTBEHHO U3 OIpeJie/ieHns] CAydailHOl BeJNYnHbI, T.K.
E CB.

CuencrBue. { — cayuatinaa seauvuna <= Vo € R: {w: £(w) < 2} € F.
IIpuvem emecmo snaxa < mookcem cmoams 10000 Ipyzoti 3HaAK HEPABEHCNEA,
KAk CMpo202o, Max U Hecmpoz020.

Ilopoxk1éHHoe M MHIYIIMPOBAHHOE BEPOSITHOCTHBIE ITPOCTPAHCTBA

Omnpenenenue. og-aaredpa, MOPOXKJIeHHAS CIyJIaiiHON BeJIMIMHOIN &:
Fe={¢"'(B), B € B}.

Ormerum cieytonime GaKkTh:

LCpoiicTBa HETPY/IHO TPOBEPUTH MCXOIs U3 onpeesienus poobpasa: £ 1(B) = {w € Q: {(w) € B}.
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1. ./rgC./—";

2. F¢ — o-anrebpa. [eiicTBuTe/1bHO:

ecJjiu Bz I[IOIIapHO HE IIEpeCeKalrOTCd.

Onpenenenne. BepositnoctHoe — npocrpancrso (€, F¢,IP)  HasbBaercs
NOPOAHCIEHHBIM CAYUATHOT BeAUUNOT E.

Onpegenenne. Pacnpedenenue cayuatinot seauvunovs § — bynkuud P 198 — R:
P¢(B) =P(¢(B)) =P(§ € B)

3ameuanme. Pacripejiesienne — 310 Kommosuiust oroopazkennit. Ecau &: 0 — R|
TO TIOJIHBIH Ipoobpas — 3To oTobpakenne & 1: B — F. B cBoo odepep,
P: F — R. Torna

P:=Po¢™!, P::B— R

Onpepnenenne. Bepoarnoctaoe  npocrpanctso  (R,B, P¢)  HasbBaercs
UHOYUUPOSAHHDIM CAYatinoti eesununot £. 1

DyHKINA pacupeelieHusi, €€ CBOCTBa

Onpenesienne. Qynxuyus pacnpedenenus Fe(x) ciaydaiinoit Besmaunbr £ —
dbynkuusa Fe: R — R:

Fe(x) = Pe ((—o0,z)) = P({ < z)
YrBepxkaeHue. F¢(r) odnosnauno onpedeasem Pe(B).

okazaTeabcTBO. /leiicTBUTE/ILHO, JTI000E HOPEIEBCKOE MHOXKECTBO MOYKET
ObITh TPEJICTABJIEHO B BHUJE PA3HOCTH YHCJIOBOI OCH, OJHON WM JBYX
MOJIYTIPSMBIX U He 0ojiee 4YeM CUYETHOTO OObeIMHEeHUd OTpe3KoB. B cuiy
oxnosnaunoctu oupejeenus P ([a; b)) = F¢(b+0) — F¢(a) yrBepKienue TeopeMbl
CIIPaBEJINBO. [ |

CsoiicTBa (byHKIIMM pacrpeejaeHns.

1.V 0< Fe(z) <1;

'HerpynHo y6emuTbcss B TOM, UTO TPOMKU (Q,F¢e,P) u (R,B,P:) yIOBIETBOPSIIOT OIPE/IEIEHNIO
BEPOSATHOCTHOT'O IPOCTPAHCTBA.
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2. 11 <xy => Fe(x1) < Fe(w2) Vi, xe (Monomowno neybvisaem);

3. lim Fe(x)=1, im Fe(x) =0;

T—+00 a:—) 0

4. Fe(zg—0) = lim Fe(x) = Fe(xy) (nenpepvisna caesa).

T—To— 0

JlokazaTejabCTBO.
1. Cuemyer us cBOHCTB BEPOSITHOCTH.

2. 11 < x93 = {£ < 11} C {£ < x3}. I3 MOHOTOHHOCTH BEPOSITHOCTU
cJIejlyer:

Ff(xl) = IP)(S < xl) < IP)(S < 932) = Fg(afz).

3. Ilpesesbl CyIiecTBYIOT B CHJIy MOHOTOHHOCTH M OrpaHmdeHHoctn Fg(z).

Hoxazem, aro Fg(—n) —— 0.
n—+00

PaCCMOTpI/IM TOCJIE/IOBATEILHOCTD BJIOXKEHHBIX cobbiTii B, = {{ < —n},
Bpii={<-(n+1)}CB,={{<-n}Vn > 1

ﬁ = )<56V:U€R}:>mB—®

j=1

Fe(—n) =P(B,) —— P(B) = 0 (B cui1y HenpepuIBHOCTI BEPOSITHOCTHOI

n—-+00
Mepbl) . OTCIO,H& CJIEAYET:

Fe(n) —— 1 <= 1— Fe(n) = P(€ > n) — 0.

n—-+0o00 n—-+00

4. Jocrarouno noxkasarnb, 410 Fe(zg — 1/n) ——— Fe(xp). DT0 paBHOCHILHO
n—+00

Fe(wo) — Fe (%—%) :]P(§<x0)—IP’<§<a:O—%> =

1
P (n-r<e<m) —o
n

Pacemorpum moc/ieioBaTeibHOCTL MHOXKeCTB B, = {x( —

1
r}. B1DByD...0DB,D...; (VBx = Bp; (| Bx = 9.
k= k=1

HEIPEPBIBHOCTH BEpOSITHOCTHOH Mepbl lim P(B,) = lim P (ﬂ Bk> =

n—oo n—oo
P(@) = 0.
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3anada. [lycrs ecTh e OoJiee ueM CUETHOE MHOXKECTBO JIEMEHTAPHBIX MCXOJ/I0B
Q. Pacemorpum dyukinu f(w): Q +— R.

Kakas dynkims Bcerja msMepuma (T.e. m3MepuMa OTHOCHTEIBHO JH000i
o-areOpnl)?  OTHOCHTE/IbHO KAKOil o-aaredpbl m3mepnma Jiiobast QyHKIHST

Flw): Qs R?

1.4 /IuckperHble, CHHTYJIIPHbIE 1 a0COJIIOTHO HENIPePbLIBHBIE
dbyHKOUM pacnpenejieHus 1 CJIyYaiiHble BeJINYUHBI.
IlnorHocTs pacnpenenenmsi. Teopema Jlebera o
pasjioxkeHnn PYHKINN paciipeiesieHns

Onpenenenne. Pacnpenenenne & Ha3biBaeTcst duckpemmviM, €CIu CyIIEeCTBYeT
He Oostee yeM cuérHoe MHOXKecTBO B, 1. P¢(B) = 1. Juckpemnas dyrryus
pacnpedescrus IMeeT BU/I:

Fe() =P <a)=) pi=)» PE=ux)

T;<x T;<T

3ameuanue. [ mo6oii guckperHoit dyHKimun pacupepeienus Fg(x) quciio
CKaYKOB — He 0oJiee 9eM CUETHOe.
[elicTBUTE/IHLHO, MOYKHO MTEPEHYMEPOBATH BCE CKAYKH CJIETYIOIIIM 00pa30M:

A, = {t: Fy(t +0) — Fy(t) > l} 1A < e

n

T.e. Ha KayKJIOM IIare Mbl CIUTAEM BCE CKAIKN BeJTMIUHBI Oostee 1/n, a Takux
CKa4YKOB He OoJIblle, YeM 1, TaK KakK (PYHKIMS pacipejieseHs OrpaHunieHa CHU3Y
HYJIEM, CBEPXY €IWHUIEH, U, KpOMe TOro, MOHOTOHHA. MHOXKecTBO TOUeK pa3pbiBa

oo

npejcrasumo B Bujie | J A, T.e. He GoJiee dyeM CUETHO.
n=1

Omnpegnesienne. Paciipejenienne £ HA3bIBACTCS aOCOAIOMMO HENDEPLIBHBLM, €CIIN

II.H.
cymecryer f(x) > 0 makasi, 9r0o jijist JIOOOro GOPEIEBCKONO MHOXKecTBa B
CIIpaBE/IJIMBO

P(B) = / F(x)A(dz),

rae f(x) — naommocms pacnpedenerun, A — wmepa Jlebera. A6coarommo
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HENPEPLIEHAA GYHKUUA Pacnpedesetus IMeeT BUL:
F(o) = P(¢ <) = [ j(0)it
—0

SamMeuyaHme.

II.H.
1. f(x) > 0 (mouyTn HaBepHOE HEOTPUIATEIHHA), €CIN MHOXKECTBO TOYEK,
rJIe 9TO HEPABEHCTBO HE BBIMOJIHSIETCS, NMEET Mepy Hysb 1o Jlebery, T.e.

P(f(z) < 0) = 0.

2. B ompejyesienun abCoJIIOTHO HENPEPLIBHOTO PACIpeJIe/IeHUusT CTOUT He
nnTerpaj Pumana, a ero obobienne, urnmezpan Jlebeza.

3. B HekorophIx BapumaHTax OIpeJleJIeHUs OT IJIOTHOCTH Tpedyercs
HEOTPUIATE/ILHOCTh HE ITIOYTH HaBepHoe, a BCIoJy Ha R. DTo Borpoc
corJiallieHns, Tak Kak narerpaJ Jlebera mo MHOKECTBY MepbI HYJIb B JIIOOOM
cJlydae paBeH HYJIIO.

4. B ciydae abCOJIIOTHO HEIIPEPHIBHOI'O paclpeesieHns] BEPOATHOCTD IIOIACTD
B KOHKPETHYIO TOUKY paBHa HyJo. leficrBurensho,

Pl = z) = / F(t)dt = 0.

CBoiicTBa IJIOTHOCTH.

1. fe(z) = %F () noumu ecrody (Kpome, modicem 6biMb, MHONCECTNBA MEPDL
nyav no Jlebeey — nanpumep, gynxyus pasromepnozo pacnpedeaerus Ul 1
6 moukar 0 u 1 ne duddepernyupyema);

+00
2. [ fe(®)dt =1 (nopmuposra,).

okazaresbcTBO. llepBoe cBOCTBO OYEBUIHO M3 CBOICTB HMHTErPAJIOB C
IIepEeMEHHbIM BEPXHUM IIPEIeIOM, PacCMOTPUM BTopoe. Eciaum B olpejeeHun
abCOJIFOTHO HEIIPEPLIBHOTO PaCIIpeiesieHIsT B KauecTBe OOPEIEBCKOI0 MHOYKECTBA
B3ATH BCIO YNCJIOBYIO MPAMYIO, TTOJTYINM:

PEeR)=1= /fg(x)dx.

R
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Omnpenenierune. Toukxa pocma GyHKIMEM pacrpee/eHus Fg(az) — TOYKa X, [
KOTOPOIl CIIpaBe/IJINBO:

Ve >0 Fg(x() —|—€) — Fg(xo —8) >0
Bameuanne. Bo3Mozken ciyuail, Korjia TOUKa POCTa SBJISETCS TOUKOI pasphlBa:

lii%(Fg(iCo—f—g)—Fg(SUo—g)):FE(IBO—I-O)—FE(xQ) > (0 <—

= lir%P(xo—5<£<xo+€):P(fzxo)>0
e~

Omnpenestenne. Oyukius pacupejeenns Fg(r) Ha3bBaeTCS CUHYAAPHOU, eC/In
OHa HelpepbIBHA U MHOYKECTBO TOUEK €€ pOocTa NMeeT HyJeByI0 Mepy Jlebera.

ITpumep. Cunrynspuoit pyaxnueil apiusercs sccmuuya Karnmopa
c: [0,1] — [0, 1], KoTOpast cTPOUTCsI CJIEIYIOMIUM 0OPA3OM:

c¢(0) = 0,¢(1) = 1. Hanee unrepsan (0,1) pasdbubaercsi Ha TpHU paBHbIE
qactu (0,1/3), (1/3,2/3), (2/3,1). Ha cpegaem unrepsase nonaraem c(z) = 1/2,
OCTABIINECH JIBA UHTEPBAJa CHOBA Pa30MBAIOTC HA TPU PABHBLIC YACTH KayK b,
1 HAa COOTBETCTBYIOIINX CPEIHUX HMHTepBajax mojaraem c(z) = 1/4 u c(z) =
3/4. Kaxkplit 13 ocTaBIIMXCsl MHTEPBAJIOB CHOBA JIEJIUTCS Ha TPU YacTH, U Ha
BHYTPEHHUX MHTepBajax ¢(x) olpejessieTcsi Kak MOCTOsIHHASI, PABHAS CPEJHEMY
apudMeTHIECKOMY MEXK/Iy COCETHUMME, YK€ ONpe/eJIeHHbIMI 3HadeHusiMu ¢(x).
Ha ocTaJbHBIX TOYKAX eJIMHUYHOIO OTPE3Ka OIPEJeIeTCs 110 HeIIPePbIBHOCTH.

Sameuanue. Tak kaxk Jtobasi byHKIUs pacipejenenust auddepeHimpyema
MOYTU BCIOJLY, BO3MOYKHOCTL Ju(PepeHITupoBaTh (PYHKIUIO pacipe/ie/eHns
HUKAKOI'O OTHOIIEHUS K CYIIECTBOBAHUIO IJIOTHOCTH He mMeeT. Jlaxke ecyim MbI
JIOTIOJTHUTEJILHO TIOTPedyeM HENPEePbIBHOCTH (DYHKIIMH PACIIPEIeICHUsI, 9TOr0
He OyJeT JIOCTaTOYHO JijIst abCOJIIOTHON HelpepbIBHOCTU pacupejereHns. K
puMepy, GYHKIUST pacipe/ieeHis CHHTYISIPHOTO paclpe/ie/ieHIs HellpepbiBHa, 1
auddepeHmpyeMa mouTH BCIOLY, OJIHAKO IJIOTHOCTH Y 9TOI0 PacIpele/eHs HeT,
TaK KakK [POU3BOJIHAS (PYHKITMHM PACIIPEIE/ICHUST TOUTH BCIO/Ly PaBHA HYJIIO.

Teopema Jlebera o pazsioxkenuu pyHKNIuUU pacupeaejgenus. [[ycmv & —
cayuatinan eeauiuna ¢ pynruyuet pacnpedenenusn Fe(x). Tozda cyuecmeyrom
u onpedeaenvt  eduHCMBEHHBIM  00pazom  mpu  ynkuyuy - pacnpedeseHus
Foo(x), Fs(x), Fy(z), abcomommno menpepuisHaa, CUHYAAPHGA U OUCKDEMMHAA
COOMBEMECMBEHHO, 4 MAKIHCE MPU YUCAA P1, P2, P3 = 0, p1 + po + p3 = 1 maxue,
Ymo

Fﬁ(aj) = p1Fuc(r) + poFy(x) 4 psFy(x).
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1.5 YwuciaoBble XapaKTEPUCTUKHN CJAyYaliHbIX BeJIMYNH:
MOMEHTbI, MaTeMaTindeckKoe oXKujaaHume, auciepcus. Vx
CBOICTBA

MaremaTrudeckoe o2KnJiaHme CﬂyqaﬁHOﬁ BeJINYNMHDBI

Onpegnesienne. [lycts 3amano BepositHocTHOe mpocTpancTBo (2, F,P) u
ciaydaiinag Beqmunna € : () — R. Ecan cymectByer naterpas Jlebera ot £ mo mepe
P o muOXKecTBY {2, TO OH Ha3BIBACTCI MAMEMAMUYECKUM 0HCUOAHUEM CITYIANHOIM
BesIMInHBI £ 1 obo3HavaeTcd Kak K& mmm ME.

E¢— / £(w) P(dw).

Onpegnesienne. Mamemamuueckoe oorcudanue (cpednee 3nauenue, nepeviil
MOMEHM,) CIy9aiiHON BeJIMIMHbL £, MMEoIIell JTUCKPEeTHOe pPaCIpejie/ieHne Co
3HAMCHUSAMH G, A, . .. — CyMMa abCOJIIOTHO! CcXoAIerocs psia.

E¢&= Zaipz’ = Z%’P(f = a;).

Omnpenenenne. Mamemamuueckoe odcudanue CaydaitHol BeJIMInHbl £, NMeIoIei
abCOJTIOTHO HEIPEPBIBHOE PaCIpe/iesieHne ¢ TIOTHOCTBIO pacipeesenns f(x) —
3HavUeHne abCOIOTHO CXO/ISIIErocss MHTerpaJia

Efz/xf(x)da:.

Maroxxkujganmne umMeeT HPOCTON (PUINIECKUIT CMBIC: €CJId Ha IIPSIMOIi
Pa3MeCTUTh eJIMHIIHYIO MACCy, IOMECTUB B TOUKU @; Maccy p; (st TUCKPETHOTO
paclpe/ie/ieHnst) WK <«pa3MaszaB» €€ C IUIOTHOCTBIO fe(x) (st abcosoTHO
HEIPEPBIBHOIO), TO ToUKa [E £ Gy1eT KOOpMHATO «I[eHTpa TAYKECTH» TIPIMOii.

CBoiicTBa MaTeMaTU4eCKOro OXKuJanusd. Besde daaee npednosazaemcsa, wmo
PACCMAMPUBAEMDLE MAMEMATNULECKUE 0HCUIGHUA CYULECTNEYIOM.,

!Cormacno Teopeme PuMmana, IIeHBI YCIOBHO CXOASIIETOCH PANA MOMKHO IEepPeCTaBUTh TaX, ITO OH OymeT
CXOIUTHCS K JIIOOOMY HAIIEPE]T 33 [aHHOMY 49nciy. TakuM 00pa3oM, eCjIu JOMYyCTUTh YCJAOBHYIO CXOAMMOCTD, TO
MaTeMaTUIECKOe OXKUJIAHIE 3aBUCUT OT CIOCO0a BBIYUCJIEHUS.
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. s npouseoavnoti bopeaescroti pyrryuu g(x) co snavernuamu 6 R:

Yoglar)P(E=ax), ecau Pe duckpemmno;
Eg(¢) =4+

[ g(x) fe(x) du, ecau Py abcomommo nenpepuisho.

Taxoe owce ceolicmeo GePHO U OAA YUCAOBHT YHKUUT HECKOALKUL
apeymenmos g(xy,...,xy,), ecau & — 6eKMoOp U3 N CAYUATUHOIT BEAUNUH,

a 6 CymMme U 6 uHmezpane YUacmeyem UL COBMECMHOE PACNPEIEAeHUE.
Hanpuwmep, oasn g(x,y) = = 4+ y u 0aa caywatinur eeauvun & u 1 ¢

NAOMMHOCTBIO COBMECTIHO20 pacnpedeaenus f(x,y) eepho:

E(¢+n) = // f(z,y)dxdy;

. Mamemamuueckoe oosrcudarue AuHetiHo:

E(aé+b)=aE&{+b Va,beR;

CE(+n) =E{+En;

n

CEeaué >0, moEE >

C./Ledcmeue

. Ecau & un — nesasucumuvie cayuatinoe seauduns, mo E(En)

3ameuwarue. Obpammoe, 6000we 2060pA, HEGEPHO.
- EE <EJE;
LEZ0,EE=0 = €20

. P(A) =E(I(w € A)), 20e [(w € A) — unduramop:

1, weAd

0, uHaue;

I(wGA){

(1.1)

=E¢ En,

. Ecau dymwuua g(x) evnyxaa, mo Eg(€) > g(E€) (nepasencmeo Hencena).

19



JlokazaTejabCTBO.

1.

JHocrarouno paccMoTperh ciaydaiinyio Benumanuy 1 = ¢(§) Ha TOM Ke
BEPOSITHOCTHOM ITPOCTPAHCTBE U 3aMeTUTh, uTo Yw € Q: n(w) = g({(w)).
Torna

En = ] () P(dw) = / 9(€(w)) P(dw).

Otciojla W  BbITEKAIOT ((QOPMYJbI  JIJIsT  JUCKPETHOTO U aDCOJIOTHO
HeIIPEePBIBHOIO CJIydasl.

. Pacemorpum dysknnio g(x) = ax+b 1 IpoU3BOIBHYIO CITydaiiHy 0 BEJTUIUHY

¢. Torma

E(aé+b) =Eg(&) = / (&(w)) P(dw) —a/§ P(dw) —|—b/IP’(dw) =
0
:aEf-l—bIP’(Q):aEf—l—b.

. Bocmosbzyemcest paBerctsom (1.1) 1 TeopeMoii 0 COBMECTHOM pacIpe e/ IeHIH:

(x+y)f(z,y)dedy =

E(€+n)—7

8\8

= 7xdx7f(x,y)dy+7ydy7f(x,y)dw
= fxfg(x)dfvﬂL/Ooyfn(y)dy=E§+]En-

Heorpunarenbnocts & o3nadaer, uro a; > 0 npum Bcex i:p; > 0 B
ciIydae JIICKPETHOro paciupejiesienust, 6o fe(z) = 0 upu 2 < 0 (kpowme,
MOXKeT ObITh, MHOYKECTBa Mepbl HYJIb) - I aDCOJIOTHO HENpPEepbIBHOIO
pacipejesenns. I B ToM, U B JPyroM ciydae UMeeM:

V

:Zaz'pi>0 1 Egz/xf(a:)dx 0.
0

. B pasenctee (1.1) 3aMeHUM CJIOXKEHHE YMHOMKEHUEM U ILJIOTHOCTb

COBMECTHOT'O PaCIpeieieHIsl TPOU3BE/IeHNEM IIJIOTHOCTEH (9TO BO3MOXKHO B
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CJ1y HE3aBUCHUMOCTHU Cﬂy‘laﬁHbIX BG.TII/I‘{I/IH)Z

E(én) = /OO /OO zy fe(z) f(y) dedy =

—~ /ajfg(ﬂf) dx/yfn(y)dyzEgE"-

6. DTo BepHO B CUJIy HEPABEHCTBA TPEYTOJbHUKA (JJIsT JIMCKPETHONO CJIydast)
AHAJIOTUIHOTO HEPABEHCTBA JIJIT MHTEIPAJIOB (J1/sT HEIIPEPBIBHOTO CJIyUast).

7. o JlmckpeTHBIN ciTydaii:
Yuaursiast T0, 9T0 @i > 0, paBenctso E& = > agpr, = 0 o3Havaer, aro
BCe cjlaraeMble B 9TOI cCyMMe paBHBI HYJIIO, T. €. BCE BEPOSITHOCTU Py,
HyJIEBble, KPDOME BEPOsITHOCTU, COOTBETCTBYIOIIEl 3HaYeHuio ay = 0.
e ADCOJIIOTHO HENPEPbIBHBIN CJIydail:

Yenosue & H; 0 rosopur o Tom, uto npu xr < 0 ILJIOTHOCTH

paBHa HYJIIO BCIOJY, KpOMe, MOXKeT ObITh, MHOXKECTBa Mepbl

Hyiab 1o Jlebery. B camom rese, ecim cyliecTByeT OOpeJieBCKOe

muo)kectBO B C {x | * < 0} HeHyseBoil Mepbl U IpU ITOM

fe(x) >0Ve € B, to P(§ € B)= [ fe(xr)dr >0, re. cuyuaiinas
B

BEJIM9YMHa INIIPpUHUMaET OTPpUIATEJIbHbBIE 3HAYC€HUA C HeHYHeBOﬁ
BEPOATHOCTBLIO, YTO IIPOTHUBOPEYUT OI'PaAaHUYICHHIO. YunrniBasd 9TO,
MO2KEM HalllCaTb

+o00o

+o00
Eﬁz/xff(x)da::/a:fdaz)dx}O,

0

TaK KakK Ha IIpOMeXKyTKe MuHTerpupoBanusg x = 0, a IJIOTHOCTbH 110
OIIpEJIeJIEHUIO HEOTPUIATEIbHA.

8. CjieslyeT HENOCPEICTBEHHO U3 OIpe/Ie/IeHNI NHIMKATOPa U MaTOXKUIAHUS .

9. Hauném co cjieiyromnero yTBep:KJIeHud: eciau (pYHKIUA ¢ BBIIyKJa, TO
st ioboro y € R Je=c(y): Vo € R g(z) > g(y) + c(y)(z — y). D10
BBITEKAET U3 TOr0, UYTO I'PadUK BBITYKJIONH (PYHKINN JEXKUT HE HUXKE JII000i
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13 KacaTe/bHOI K HeMY. I Tlosnokum B 3TOM Hepasenctse y = K &. Torna

9(&) Z g(EE) + c(EE)(E —EE), Eg(§) = Eg(EE) +Ec(EEE - EE)

Baeck g(E&), c(E&) — konucranrsl, a E(§ —E&) = 0, a 3naqur,
Eg(¢) = g(ES).

H

Jducnepcusi 1 MOMEHTBI CTAPIINX MOPSAIKOB
Onpegenenne. Ilycrs E|¢|F < oo.

1. E&F — momenm nopadka k uav k-t momenm CIydailHON BeJIMYNHBI &;

2. E|¢|F — abcomommuiti k-1i momerm;

3. = E(6 —E&F — yenmpanvnoni k-t momenm;

4. E|¢ —EEF — abcomommuidi yenmpanrvnvidi k-t momenm  corydaiiHoil

BEJIMIUHBI &

Omnpegenerne. Yncio DE = E(§ — E€)? (uenTpaibHblii MOMEHT BTOPOIO
nopsiJIKa) HasblBaeTcsa ducnepcueti ciydafinoit semanupl £, 0 = /DE — ed

CPEOHEKBAIPAMUYHDIM OMKAOHEHUEM.

YrBepxkaenue. Ecau cyuwecmsyem momenm nopadkat > 0 cayuainot eeaudums
£, mo cywecmsyem u ee mMomernm nopadka s, 2de 0 < s < t.

HokazarenbcTBo. Samernm, uro [£]5 < [£|' + 1. B cuny cnencrsus us
cBOficTBA 4 JJTsT MATEeMAaTHICCKOTO OKUIAHIS MOYKHO TIOJTy IUTh N3 HEPABEHCTBA, 15

CJTyJAHHBIX BEJIMINH TAKOE K€ HEPABEHCTBO /I UX MATEMATHIECKUX OXKUIAHMUI:
ElKP<E|E'+1 < . |

CsoiicTBa qucnepcun. Besde danee npednosaeaemcs, wmo emopvie MOMEHMbL
PACCMAMPUBAEMBIT  CAYHATHOLT — 8eAuduH  cywecmeytom. Toeda, 6 cuay
BHULEONUCAHHOT, MEOPEMDL, CYULLCTNEYIOM U MAMOACUIGHUA.

1. Jucnepcus mosicem 6oimn eviuuciena no gopmyae: DE = E &2 — (E&)?;

2. Ilpu ymuostcenuu cAyHatinol BeAUMUHbL HA NOCMOAHHYN ¢ JUCNEPCU
yeeaunusaemea 6 ¢ pas: D(c€) = ADE;

3. JTucnepcusa ecezda neompuuyamenvna: DE = 0;

' Boobrmie ToBOps, BBITYK/Ias (DYHKIMA MOKET He UMETDb IIepBOil IIPOU3BOIHOMN 1, CJIEI0BATEILHO, KACATEILHOIL
Ha He 60Jiee YeM CIETHOM MHOXKECTBE TOYEK, HO TOIJIa €€ MOYKHO 3aMEHUTH Ha OIMOPHYI0 TUIEPILJIOCKOCTD.
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4. Jucnepcus obpawaemcs 6 HYAb AUWD OAA BBIPOHCIEHIH020 PACIPEICACHUA!
n.H.
ecauDE =0, mo & = const, u naobopom;

5. Ecau & u n nesasucumv, mo D(E+n) =DE+Dn, DE—n) =DE+Dn;

6. Hucnepcus ne 3asucum om co8u2a CAYHATHOU BEAUNUHDL HA NOCTOAHHYIO!
D +c) =D¢;

JlokazaTeabCcTBO.

1. Ob6oznaunm mjst ynoocrsa a = K &. Torna

DE=E(—a)’=E (& —2a€+a°) =E& —2aE{+a* =E& — a”.

2. D(ct) = E(c6)? — (E(c€))? = AEE2 — (cE€) = A(EE — (EE)?) = @ DE

3. Ilyctrb @ = K& Jucnepcuss ecTb MaTeMaTHYeCKOe —OKHIJIAHUE
HEOTPUIATEJIBHON CayYaliHON BeJIMYNHBI (5 — a)2, OTKYV/Ia (1/1 U3 CBOICTBa
(4) MaTOKUIAHWS) CIeyeT HEOTPUIIATETLHOCTD JINCIIEPCHH.

4. DE=0 = (£ —a)?'= 0, = a = const. U naobopor: ecm £ = ¢, TO
D¢ =E(c—Ece)? =0.

5. JleficTBUTEIBHO, TPUMEHSIST CBOTCTBO (5) MATOXKUJIAHIS, TIOJTYIHM:

D(E+n) =EE+n)° - (E(E+n)* =
=E&+En’ +2E(&n) — (E€)* — (En)? —2EL En=DE+ Do,

O6paTHoe, aHAJIOTIYHO 3aMEYaHUI0 K CBOMCTBY (D) MATOXKUAHNS, HEBEPHO.
Jlyist pasHOCTH, COOTBETCTBEHHO, NMEEM:

D —n) =D(E+ (=n) =DE+D(—n) =D&+ (-1)° Dy =D&+ Do,

CJ'IG,Z[CTBI/IG. ,ZZ/LJCL npou36oAbHDIT c,/zy%ailmwc GGAU%UHf u n umeemnm Mecmo
paceHcmeo.

DE+n) =DE+Dn£2(E(En) —E En),

2de seaununa E(En) — EE En nasweaemcesa rosapuayuet cayuatinols
seaunun & un (cov(&,n)).

6. D(+c) =Dé+De=D¢
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IIpoune unc0BbIe XapaKTEPUCTUKM
Onpenenenune. Koapduyuernm acummempuu CiydailHOl BeJIUINHbI &:
3
v =E §—E¢ _ “_3
VD¢ o3

XapakTepusyeT «CKOIIEHHOCTby I'paduKa IJIOTHOCTH pacIpe/le/IeHns:

7 <0
—m >0
—n =0

Onpegenenue. Koappuyuenm sxcuecca ciydailHoOil BeJIMUNHBL :

N TN
n=E(S5F) ~a-bi-s

XapakTepusyeT «OCTPOBEPIIMHHOCTbY I'paduKa IJIOTHOCTH PaCIpe/le/IeHUs:
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72 <0
— 72 >0
7y =0

3ameuanue. Ciaraemoe —3 J100aBJ/ieHO, 4YTOObI KO3(MAUIMEHT 3Kcliecca
CTaHIaPTHOT'O HOPMAaJILHOI'O paclipejesieHnsl ObLT paBeH HyJto. VHorma ero He
YUUTBIBAIOT U CYUTAIOT, 4TO Kodddurment sKkcuecca Noj paseH 3.

1.6 YwucsoBbie XapaKTEePUCTUKU CJIyJalHbIX
BeJIMYMH: KBaHTW/IU. MeamaHa U ee CBOIiCTBA.
NnTepkBapTUJILHBIA pa3Max

Onpenenenne. Meduanoti Med & pactipenenienns ciydaifHol BeJTMIUHBI &
HA3bIBACTCS JIIO00E M3 YUCe fL TAKUX, ITO

3ameuanue. Meanana pacupejenenns Beerja CyImecTBYET, HO MOXKET OBITh He
emHCTBeHHA. Hampumep, B ciydae JTUCKPETHOro pacipejenenus P(§ = —1) =
P¢=1)= % 1 1, u —1 yI0BIETBOPSIIOT ONPEIC/ICHIIO MEJINAHDL.

Onpegnesnienne. Kearnmuav nopadka vy — 3TO TaKOe HUCIO K., JIIA KOTOPOIO
BBITIOJTHSETCS

Bameuanne. Ecin ¢pynkuns pacupegesenns ' HenpepbIBHA 1 CTPOrO MOHOTOHHA,
TO Keanmuaem mopsaixa (yposust) v, rae v € (0;1), siBiaserca pelenue .
ypasuenust F'(x,) = . Torga ksaHTmIb IOpSIIKa Y OTPe3aeT OT 0OIACTH IO

25



rpaduKoOM IIOTHOCTH 00JIaCThb € INIOMIJbIO 7 cjieBa OT cebd. CupaBa OT K.
1101/ Ib obJtacTi paBHa 1 — 7.

Ecin ke ciaydaiiHas BeJnYnHA HE SIBJISIETCS aOCOJIIOTHO HEIPEPbIBHOM, TO
ypasaenne F'(x,) =y MoxxeT He uMeTh pentennit. Hanpumep, jyist npusejieHHOro

nmke rpaduka He cymectsyer 1 : F(z1) = 1.
2 2

1((/,,——-

0.5 |

6 -4 -2 0 2 4 6

Omnpenenenne. Ksantuin yposueii, kpatubix 0.01, HA3bIBAIOT NpouEHMUAAMU,
KBaHTU/IN ypoBHel, kparubix 0.1, — deyuasamu, yposHeit, kpatubix 0.25, —
K8apmuUAAMAU.

Bameuanue. Mejnana sgBjsgeTcs KBaHTHIEM ypoBHs 1/2.
CBoiicTBa MeJuaHbI.

1. Meduana cayuatinoti eeaudurv, € MuHuUMU3UpYyem Ccpeorutt Modyab

omrAoHeEHUA &
E|§ — Med¢| = minE [ — af;

2. Omxaonerue Meduarv, cAYwatinot seaundunv, € om eé mamootcudanus I &
HE NPEBBLIULAEM NO MOJYAI0 CPEOHEKB8adpamuino20 omrionerus o = /IDE:

B¢ — Medé| < 0.

JlokazaTeabCTBO.

1. Paccmorpum coayuaiinyto Besimauny 17 = £ —Med &. Oueniro, aro Med n = 0.
Torma HaAM HaJIO 1TOKa3aTh, 910 Ve € R cupaBemmBo

Eln—c[—-E|n > 0.
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Paccemorpum ciyygait ¢ > 0. Samerum, 4To

m—cl—Inl=c¢ 1n<0;
n—cl—|n>—c, n=0.

Torna

E(In—cl = nl)=E((In—cl = [n]) - I(n <0) + (In —c| = |n]) - 1(n > 0))
E(ln—c —Inl)=c P(n<0)—c P(n > 0).

Tak kaxk Medn =0, 10 P(n < 0) =P(n > 0) =3 = E(|n—c|—|n[)>0..

Caydait ¢ < 0 cBOJMTCs K NPEBILYIIEMY YMHOYKEHUEM CJIyYaiiHON BEJTUIIMHbBI
u ¢ Ha —1. OTcrojia ciejyer, 9To Mejinana JefcTBUTEeIbHO MUTHUMUABHUPYET
cpeHuil MOILYJIb OTKJIOHCHUS.

2. PacemoTpuMm 1emnovuKy HepaBeHCTB:
|EE—Med €| = |E(Med £—€)| < {cB-BO (6) maToknganus} < E|Med £—€| <
{cB-Bo (1) Meqnanb} < E|EE—E] =E/|EE — €2 < {nep-so Uencena} <
SVE[EC=¢P = VD=0

Onpepneaenue. HumepksapmusvHoiM padMarom Ha3bIBAETCsl PA3HOCTb MEXKITY
TPETHLUM U IIEPBBIM KBAPTUJISME, TO €CThb X 75 — 0,25

B KakoM-TO CMBICE 9Ty BEJIUYUHY MOXKHO CUYUTATH AHAJOTOM JIUCIEPCUN
CIyYaifHON BEeJIMIMHBI, YCTONUNBOI K BHIOpOCAM.

1.7 WcneiTanusa beprHyiin. buHoMuaabHOe paciipejiejieHue.
Teopema Ilyaccona. Pacnpenenenue Ilyaccona

Omnpenenenne. Henvwmanue Bepryaiu — caydaiinblil SKCIIEPUMEHT, Y KOTOPOI'O
€CTh POBHO JIBa BO3MOXKHBIX MCXOJla: <«yCIeX» W <«Heyjadar». Kak IpaBuio,
BEPOATHOCTD ycIiexa 0b03HavdaeTcss OYKBOI p, BEpOATHOCTL Heydadn ¢ = 1 — p.

Omnpenenenne. Crema Bepryasu — 1MOCIEIOBATEILHOCTD U3 N HE3GEUCUMDLET
00H0POOJHYLT UCTIbITaHI BepHY/III ¢ BEpOSITHOCTBIO yelexa p u Heyjgadun ¢ = 1 — p.
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Co cxemoit BepHy/im MOXKHO CBSI3aTh II0CJIEIOBATEIBHOCTD CJIyYailHbIX

1, ¢ BeposaTHOCTBIO P;

BesimauH &1, &g, ..., &, THE & = kE=1n.

0, ¢ BepOATHOCTHIO ¢,

Taxkum oOpazom, mnpundTue ciaydaiinoii Benuuunoit & 3nadennd 1
UHTEPIPETUPYETCA KaK ycIexX B k-M UCHBITAHNH. TaK KaK UCIBLITAHUS B CXEMe
Bepnyn ne3aBuCUMbI 1 OJIHOPOJIHDI, JaHHbIE CIydaiiHble BETUIUHbI JOIKHbI
ObITH HE3ABUCUMDL U 00UHAKOBO PACTPEIENEHDL.

®opwmyna bepuynnu. [lycms & — cayyatinas esuvuna, pasHas YUCAY YCneros
6 n ucnvimanuax. Toeda Vk = 1,n sepoammocms nosyvums 6 n uCnvimMaHUuAL

PO6HO k ycneros pacHa
P(£ =) = Clplg™

oka3zaresibcTBO. PaccMoTpum o 3j1eMeHTapHbIN 1Cexo/ coObITust A =

{&=Fk}:

KOTJTa TIepBble k MCIBITAHU{T 3aBEPIIINCH yCIeXoM (y), ocTaiabHble Heyaauei ().
[TocKosIbKY HCHIBITAHNS HE3aBUCHMBI, BEPOSTHOCTD TAKOT'O SJIEMEHTAPHOTO MCXO/IA,
pasna p*(1 — p)"*. Ilpyrue sjiemMenTapHble HCXO/bI U3 COOBITHS A OT/IMYAIOTCS
JINIIIL PACIIOJIOZKeHNEM k yciexoB Ha n Mecrax. ITosromy cobbite A cocrout us
C* s1eMenTapbIX HCXO0B, BEPOSTHOCTL KasK/I0I0 U3 KOTophix pasha pg™*. M

Onpepnenenne. Ilycrs &,...,&, — 10C/I€I0BATEILHOCTh  HE3aBUCUMBbIX
CIAyYaliHbIX BEJNYNH, WMMEIONNX OJNHAKOBOE pacipejenenne bepuymm c
napamerpoMm p (B,), To ecth npunnMaer sHadenue 1 («ycrex») ¢ BepOATHOCTHIO
p u 0 («Heymaday) ¢ BepositHocTbiO 1 — p = ¢. Tora roBopsiT, 4To ciydaiinas
BesinunHa £ = & + ... + &, UMeeT buHoMUaIbHOE pacnpedeserue ¢ apaMeTpaMi

nup (Biyy).

HucsioBble xapakTepucTuku B,

1. MaTeMaTI/I‘{eCKOG 02K JJaHHE:
ES¢=1-p+0-q=p

2. ucnepcust:

EC=12p+0*q=p; DE=EE—(E*=p—p*=p-(1-p)=pq
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Hucsosble xapakTepucTuku Bi, ),

1. Maremaruieckoe 0KuJIaHHE:

]Egz]E(&—k...—i—gn):]E£1+...+E€n:g+...+p:np

n

2. ncnepcus:

DgzD(fl+...+§n)=D§1+...+]D>£n:?-q+...+p-g:npq

n

Teopema Ilyaccona. [Iycmv nposodumca n 0600w érrvir ucnoimarut Bepryaiu
(m.e. 8EPOAMHOCTNG YCNETA UCTOIMAHUA 3A6UCUM. OM N) € BEPOAMHOCTIVIO YCNELA

Pn, 5 — KOAUMECTNBO YCNexroe 6 Imur uCnvlmaHuAxTr U NPy — >\ TOZ@CL
n—-+00

VkeZ, 0<k<n: PEl=k) — —e

HoxkazareabcTBo. 1o ycinouto reopemsr, np, — A. Torna p, — 0.
n—-+00 n—-+o00

Paccmorpum dpopmyiny beprysuim:

N ko ke n—k _ n! A A\ F AMN\"
P(§ =k) = Cp"(1—p) —m-ﬁ-(l—ﬁ) '(“ﬁ) -

ke s () (L 2)

il nk

Ilepeitém K nipesiesty mipu n — +00:

(n—k+l) = Don (1_5>”_>6_A7 (1_3>‘k_>1

nk

Taxum obpazoM, TOJIyINM

k
Onpenenenne. Habop BeposTHOCTEI! {%e_’\}, riae k OpuHUMaET 3HAYCHUS
0,1,2,..., Ha3biBaercst pacnpedeaenuem Ilyaccona ¢ napamerpom A > 0 (Pois) ).

3ameuanue. Pacupenenenne [lyaccona mpejcrapisier co0oil 4mcjio cOObITHIA,
IIPOUBOIIEIINX 38 (PUKCUPOBAHHOE BPEMsI, [P YCJIOBUH, YTO JaHHbIE COOBITHS
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IIPOUCXOJISIT € HEKOTOPOit (DUKCHPOBAHHOMN CPejIHEll NHTEHCHBHOCTBIO (338 KOTOPYIO
OTBEYAET MapamMerp \) U He3aBUCHMO JPYT OT JPYyTa.

YHucioBble xapakTrepuctuku Poisy

1. Maremarudeckoe oxKugaHue:

z“i Y gt

=3k =Y g

k=

2. ncnepcusi:

- )\k - 2—)\00 A 2 _—A_) 2

k=2
EC=E&E—1)+EE=X24+)N = DE=E&—(E¢)?=

1.8 WcnbiTanus bepnuynnan. I'eomeTrpuyieckoe
pacnpegesienne. Teopema Penbu. Iloka3zaresabHoe
pacnpeaejgeHune

PaccmoTpuM 6eCKOHEUHYIO CXeMy 9KCIIEPUMEHTOB BepHy L ¢ BeposiTHOCTbHIO
ycrexa p, Heyaadan — ¢ = 1—p. BeposiTHoCTh TOr0, 9TO HEPBBIii ycIex Mpon3oiijieT B
ncnpITanmy ¢ goMepoM k € N, ouesuno, pasna P(17 = k) = pg" L. Heiicrsurenso,
9TO COObITHE PABHOCUJIBHO TOMY, UTO & =& = ... = &1 =0, & = 1. B cuny
HE3aBUCUMOCTH &;

P(flzo, 52207"'7516—1 :Oa fk: 1) -
P(&1=0)-P&=0)... - P(&1=0) P& =1) =¢"'p.
Onpepenenne. Habop sepostrocteit {pg* 1}, rae k nmpunmMaer mobble sHaUeHNs

113 MHOKECTBA HATYPAJBHBIX UHCET, HAZBIBACTCS 2COMEMPUUECKUM PACTPEICACHUEM
BeposiTHOCTEl (Geom,).

AHAJIOTTIHO MOXKHO BBECTH T'€OMETPHYECKOe paclpejesieHne KaK <«IHICJIO
Hey/iad 10 epBoro ycrexas. Torja k Oyner NpuHUMAaThL 3HAYEHUS U3 MHOXKECTBA

{0,1,2,...}, u P(v' = k) = pg*.
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Hucsoble xapakTepuctuku Geom,

1. Maremaruieckoe 0KuJIaHHE:

EE=) kpd ' =p) kd"T=p) o=
k=1 k=1 k=1
d (<= , d( q ) 1 1
=p— | D d" | =p-(——])=» = -
dq(kz; dg \1—q (1-9?* »p

2. ucnepcus:

e ( 1 p 2

=PqQ=\ 77| = P47/ =2 — 5

dg*> \1—g¢ (1—q)3 p?
2g 1 1 2¢—1+p ¢
D€:E€(§—1)+Ef—(E€)2:—2+———2:—2:—2-

Sameuanne. Ecin OIIPEIC/IATh TCOMETPUYICCKOE pacClIipeaeJIcHNE KaK KOJINMIE€CTBO
HEeyda4d 0 IIEPBOIrO yCIIEXa, €0 MaTeMaTUICCKOE O2KNJaHNE N3MEHUTCA:

% gk
IO WIS E
k=1

—qp (ZQ>_QP (%q)quﬁ:

Tak kak ¢ € (0, 1), MmaTemaTuIecKoe OKUJAHIE CTAHET MEHBIIE, I 9TO JIOTHIHO —
BeJlb KOJIMYECTBO HeyJlad JI0 IEePBOTO ycliexa BCerjla Ha eJUHUILY MEHbIIe HOMepa
[IepBOro yCIexa. (I/ICHOJIbSyH 9TO HabJII0JIeHNEe, MOYKHO MTOCYUTATH MATOYKUIAHIE

emg npome — R —1) =2 —1= 1pp = q) Jucrepcust e He 3aBUCUT OT CABUIa

IR

1 OCTaHeTCA Hpe}KHeI/I

Onpenenenme. Cryuaiinasi Besmunna & nMeeT noKa3amesvHoe
(axcnonenyuarvroe) pacnpedenenue ¢ tapamerpom A > 0 (Exp,), ecim &
UMeeT CJIeIYIONe MJIOTHOCTb U (DYHKIIUIO PACIpe/IeIeHUs:

0 ecn x < 0; 0 ecan x < 0;
:l;' — Y Y F :[; — Y ?
/(@) {)\e)‘x, ecan x > 0. (@) {1 —e M ecim x> 0.
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3ameuanune. [lokazarejbHOe pacipejeseHne MOJICJUPYET BPEM MEXKLy JIBYMs
1I0CJIEJIOBATEIbHBIMI CBEPIIEHUAMN OJIHOTO M TOTO »Ke cobbIThsA. K mpumepy,
IyCTh €CTh Mara3ui, B KOTOPbLI BpeMsa OT BpeMeHU 3aX0/dT nokynarenu. [Ipn
OIIPE/ICJIEHHBIX JIOIYIICHUAX BPEMs MKy HOABJICHUAMU ABYX IOCJIEI0BATCIbHBIX
HoKynaresei Oyuer caydailHoNl BeJTMIMHOMN ¢ aKCHOHeHuMaﬂbeIM pacipeeJeHneM.
CpeHee BpeMsi OyKUJIaHUsI HOBOI'O IIOKYIIATE/Isi paBHo . Cam mapamerp A Torua
MOYKeT OBITh MHTEPIPETUPOBAH KaK Cpe/lHee YNC/I0 HOBBIX MOKYTIaTe el 3a e InHUILY
BpeMeHU.

HucaoBble XxapaKTEPUCTUKM Exp,

Haiiném myist npousBosibHoro k € N MoMmeHT ropsijaka k:

I [ N 1 f Y k!
E &k = / " fe(z) /:ck)\e ATy = V/(Ax)ke ATd(\x) = V
—00 0 0

B nocsiesineM paBeHcTBe Obla UCHOJIb30BaHa (POPMYJIa I TaMMa-(PYyHKIINN:

oo

k+1) = /uke_“du = k!

0

1. Maremaruueckoe oxkujanue: £& = <
2. Hucnepcus: E &2 = %, DE=EE - (EE? = 5

BaknbpiM TpeboBanueMm B cxeMe DBepHY/LIHM sBJSETCS OJJHOPOHOCTD, T.€.
MTOCTOSHCTBO TapaMeTpa p Ha MPOTsKeHN! BcexX ucnblTannit. Ho mnorga ectnb
JKeJlaHue MMOCMOTPETh, HAIIpUMeD, YTO MOJYUYUTCs, €CJIU YCTPEMUTh BEPOSATHOCTD
ycrexa K HYyJII0, a KOJMYeCTBO MCHBITaHU K OecKoHedHOCTH. B 3ToM ciydae
HMPUJIETCA TPUOETHYTHh K HETPUBUAJIBLHON MOJIEN SKCIEPUMEHTA.

YrBepxkaenue. Paccmompum ceputo cxem Bepryasu — nocaedosamenvrocmy
cxem Beprysiu ¢ KoAUNECMEoM UCnolmanutl N U EPOATMHOCTAMYU YCNETa Py (m.e.
6 NEPBOTl cxeme — 00HO UCTIHIMANUE C BEPOAMHOCTNDIO YCNEXa P1, 6 6Mopoti — J6a
UCTDIMAHUA C BEPOAMHOCTNLIO YCNexa P u m.d.). B kastcdoti cxeme paccmompum
cayuatinyio sesuduny T, ~ Geom, . Ilycmo np, — A> 0.

Tozda pacnpedenenue cayuaiinotl sesununv = cxoOUMCA K NOKA3AMEALHOMY
C NaApamMempom \ npu n — +oo.

,ZLOKaBaTeJIbCTBO [Iycres F,, — QyHKIHUS pacupeieeHnuss CIydaifHoi
Besmaunbl 2. Torma s > 0:
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F,.(x) :IP’(% <3:) =P(r, <nzx)=P(r, < |nz]) =

[na) 1— anzJ—H )
= anqui_l = Dn 1— =1— (1 _pn)LnxJ+
k=1 — Qn

Hanee, T.x. (1 —p,)" = (1 _ %)” — e 10 (1—p,)n® e o

n n——+00 n——+00
onpejeennto, |nx] < nx < [nx| + 1, wm, uro skBuBajsenTHO, nx < |[nx| + 1 <

nx + 1. Takum obpazom Bepuo (1 — pn)meJrl —+> e~ . Ce0BaTesIbHO,
n—-+00

Fn(:zs) — 1 — 6_)@, 9YTO €eCTb beHKU;I/IH I[I0Ka3aTeJIbHOI'O pacClipeJde/ieHusd. [ ]
n——+00
/ (x) — Expgs

05 —o— Geomy s

0.4 1

0.3

0.2 1

0.1%

05 1 15 2 25 3 35 4 45 5 55

Teopema Penbu. [Iycmv danv caywaiinas eeauvuna N ~ Geom,, £1,8, ... —
HE3ABUCUMBLE 00UHAKOBO PACNPEIEAEHHBIE CAYYatMnbe seaudunbl, & = 0 u 0 <

N
a=E& < oo, Sy = > &. Toeda
i=1

— 0,
p—0

sup ‘IP’ (SSN < .1:) — G(x)

ede G(x)=(1—e ") (x> 0) — Pynryus cmandapmmozo noka3amMesbHO20

pacnpedesenus Expy.

Ecau b? = EE2, mo sup |P (ESy < z) — G(z)| < %.
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1.9 WcneiTanus bepnynaau. Teopema MyaBpa—dJlanaca.
HopmasibHoe paciipenesienue

JlokanbHag 1pesienbHas TeopeMa MyaBpa—Jlammaca. [lycmo S, — wucao
ycnexos 6 n ucnvimanuar Bepnyasu ¢ eepoammnocmvio yenexa 0 < p < 1. Hycmo
n — 0o, mozda np(l — p)—00, u

YmeZ:0<m<n P(S,=m)= 1 e—f(1+Q<l>>’

o\ 2T o

ede v = ==L a0 =+/DS, =+/np(l—p).

Nurerpanbaas Teopema MyaBpa—Jlammaca. [lycmo S, — wucao ycneros 6
n ucnvimaruar bBepryaru ¢ sepoamuocmyto yenera ) < p < 1, C' — npoussorvras
NOAOAHCUMENLHAA KOHCTNAHMA, M020a PasHOMEPHO 1o a U b us ompeska [—C, C]
(nycmv b > a)

b
Sn - 1 w2
Pla< P <b g /e‘?d:p.
np(l — p) n——+00 \/27'(

Onpegnesienne. Coyuaiinasg BesmdauHa £ UMEET HOPMaAAbHOE (2ayccosckoe)
pacnpedenenue ¢ napamerpamu a 1 o2 (N, ,2), rie a € R0 > 0, ecin € umeer
CJIEJIYIONIYIO TIJIOTHOCTh PaCIpe/IeIeHUsI:

HuciioBble XapaKTepucTuku N, ;2

Haiigem MaToKujanme U JUCIEPCUIO I CMaHIapmHo20 HOPMAJILHOIO
pacnpegenenus (o = 0, 02 = 1):

r 1 [ e A oo
E&= Tfelx)dr = — re 2 dyr = ——— d(e?):—e2 =0
. / fel@) \/27r/ NG o
T °o T °o T,
E 2:—/x26_”J /zalx:—/sr:Qe_“j /zdxz——/scale_“j /2 =
: \ 2T V2T / V2T J

233 2 o0 T 1 2 1 2
- —x%/2 —x%/2 - —x%/2 -
—— e —|—2/ e d:IJ—O—i—/ e dr = 1.
s 0 / V2T V2

oo
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[Tostomy D¢ =EE2 — (E€)2=1—-0=1.

Tenepnb paccMOTpPUM CJIYyUaRHYIO BeJINYMHY 7) ¢ HOPMAJILHBIM PACIIPEICICHIEM
B obuiem Bujie (¢ napamerpamu « u 02). Torga & = =2 - cayualinas BeJIUHIHA CO
cmandapmHvim HOPMaJIbHBIM pacipeesnenneM. daee, k. K& =0, D& =1, To

En=E(cé+a)=cEf{+a=a,
Dn=D(c¢ +a) =c’DE = o,

3ameuanue. Popmyiy u3 teopembl MyaBpa—J/lamiaca MOXKHO Ie€peIucaTb B
CJIEJTYTOIEM BUJIE:

P(a< S — 1P <b>—><1>(b)—c1>(a),
np(1 —p)

X
rie ®(x) = \/LTW | e 24t — QyHKIUST paclpeeeHns CTaHIAPTHOTO
—0o0

HOPMaJIbHOT'O paclpele/IeHUSI.
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1.10 CoBokynHocTu cJjaydaifHbiXx BesmduH. CoBMecTHad
dyHknusa pacupejenenns. HezaBucuMocTh ciayvdaiiHbIX
BesindnH. Kpurepuu He3zaBucumoctu. KoBapualius,
KO3 PUIMEeHT KOppeIsainumn

CoBMmecTHOE paciapeaejgaenmue, €ero CBOICTBA

[IycTs cayuaiinble Besmdaunbl 1, ..., &, 3aJaHbl Ha OJHOM BEPOATHOCTHOM
npocrpauctse (2, F P).

Onpenenenne. Cosmecmmoe pacnpedeserue ciydaitubix Bendaud (&1, ..., &,) —
dbynknnga P: B(R") — R:

P e B) =P(w: (&(w),...,&(w)) € B), B CBR").

Oupenenenne. Pyrkuyus COBMECIHO20 Pacnpedeserus CAyIalHbIX BeJIUIIH
(&1,...,&) — dyuxus F: R" — R:

F(zy,...,2,) =P(& < x1,..., & < ).

3ameganue. [l GYHKIUN COBMECTHOIO PACIPECICHUsT  BBITOJIHSIOTCS
CBOIiCTBa, aHAJIOIMYHbIE OJIHOMEPHOMY CJIYYal0 — COXpaHIeTCsl MOHOTOHHOCTD,
HEIIPEPEPHIBHOCTD CJIEBA 110 KaxK, 10l niepeMenHoit. [1pn sTom gacTHble PyHKINN
pacrpeJie/IeHrsT BOCCTAHABINBAIOTCS 110 COBMECTHOI CJIeIyIONTIM 00pa30M:

lim F(xy,...,2...,2,) = Fi(x), i=1n.
TE—>+00
ki
Cuienyer, onHako, oOpaTuTh BHUMaHKE Ha Hpee/bHble cBoiicTBa. st npocToTh
LIPOUJLIIOCTPUPYEM UX HA JIBYMEPHOM CJIydae.

lim F(zy,29) =0
T1—>—00
0

lim F(l’l,$2) =
To—r—00

lim F(xy,z9) =1
xr1—+00
To—4+00
B camom nieste, o omnpegiesiernio F(xq,x2) = P(§ < 21,6 < 2) = P(B1 N By),
rie By = {& < 11}, By = {& < z2}. Eciin X0Th 0/1HO U3 COOBITHI «CTPEMUTCSI>
K IIyCTOMY MHOKECTBY (UTO U IMPOUCXOIUT IPU T — —OO WK Ty — —0OQ), TO U
[epeceyeHne J1e1aeT TO Ke CaMoe.
Eciun ke ™Mbl xoruMm mnojyduth B 1epecedennun ) (u, ciiegoBaTesbHO,
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BEPOSITHOCTD 1), TO HEOOXOINMO YCTPEMUTD L1 U Ty K +00 00HOEPEMENHO.

anee paccMaTprBaeM COBMECTHBIE paclpeie/leHns JIBYX CAYyJIalHbIX BEJIMIIH.

Buabl MHOTOMEpPHBIX pacipe/ieieHuii

Onpeaenenne. Ciydaiinble BeTmInuHbl &1, UMEIOT JINCKPETHOE COBMECTHOE
pacIpeiesietne, ecill CyLIecTBYeT He Oojtee YeM cuéTHbI Habop map duces {a;, b;}

TaKOM, 9TO
ZZP(& = a;, & =b;) = 1.

i=1 j=1
Tabmuiy, na nepecedenun -t CTPOKU M j-T'O CTOJOIA KOTOPOIl CTOUT BEPOATHOCTD

P (& = a;, & =b;), HasbpBaOT  mabauuyel  COBMECMH020  pacnpedeneHus
CIyYaiHbIX BeTmIuH &1 U Eo.

Onpenenenne. Ciydaiinbie BeJTUINHBI £1, o UMEIOT aOCOIOTHO HEIPpEePhIBHOE
COBMECTHOE paclpelieJieHe, ecIn CYIIeCTByeT HeOoTpHuiaTeabHast (DyHKIINI
fer .6 (x, y) Taxas, uto a1z moGoro Gopesnesckoro Muoxkectsa B € B (R?) mueer
MECTO PaBEHCTBO

((51752) S B / Je 6 (x,y) dedy.

Ecim rtaxkas dyuximus fe ¢, (2,y) cylecrByer, oHa Ha3BIBAETCH NAOMHOCMBIO
COBMECTIHO20 pacnpedenerus CIydaiiHbIX BesndnH &, £o.
OyHKIUdA COBMECTHOIO Paclipe/lesieHIs B 9TOM CJIydae UMeeT BUL:

Fla,y) = P(& < 2,6 < y) = //fslfzuv)vdw

3ameuanue. [[J10THOCTH COBMECTHOIO pacipejie/ieHnsi UMeeT Te ¥Ke CBOMCTBA, ITO
1 IJIOTHOCTH paclipejie/IeHus OJHON CIydaiiHOil BeJIMYNHBL: HEOTPUIATEJIbHOCTL 1
HOPMUPOBAHHOCTD:

f(x,y) 2 0V, y € R, / f(z,y) dzdy = 1.

[To yHKIIMM COBMECTHOI'O paclipejie/ieHusl ero IJIOTHOCTh HAaXOJIUTCA KaK
CMelllaHHas YacTHas MPOM3BO/IHAsT (B TOUKAX, TJie OHa CYIIECTBYET):

32
0xdy

flz,y) = F(z,y).
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3ameuanue. I13 cymiecrBoBanus I10THOCTENH & 1 & He ciieayeT abCOIOTHAsT
HEIIPEPBIBHOCTL COBMECTHOTO pACIpe/e/IeHns] STUX CAyYaiiHbIX BEJHMYNH.
Hamnpunmep, sexkrop (£, £) npuHnMaeT 3HadeHus TOJABLKO Ha jnaronaiu B R? u yxe
[IO9TOMY He MMeeT IJIOTHOCTH paclipejieieHus (ero pacrpejiesieHine CHHTYIISIPHO).
ObpaTHOe »Ke CBOICTBO, KaK IOKa3bIBAET CJIeAYIOIIas TeopeMa, BCerjia BEPHO.

YrBepxKaeame. Fcau cayuatinvie eseauvumnsvt & u s umerom  abcosrommo
nenpepuishoe cosmecmuoe pacnpedeserue ¢ naommuocmyvio f(x,y), mo & u &
6 0MOENLHOCTNU MAKIHCE UMEIOM ADCOAOMMHO HENPEPLIGHOE DPACNpPedescHue ¢
NAOMHOCTAMU.

(0.] (0.]
fa (@ /fxydy, fe(y /ffvy
aan > 2 naommocmu cayuwatinunr seaunum &, . . ., &, HATOOAMCA NO NAOMHOCTIU
ux cosmecmmnozo pacnpedenenus f(xy, ..., x,) unmezpuposarnuem dynryuy f no

6CeM <KAUWHUM» KOOPO’LLHamaJ\/L.

,Z[OKaSaTe.T[bCTBO.

Fe () = lm Fe g (21,22) = / /f z,y)dy | de = /fg1

To—>+00
—0o0
|
HezaBucumocTh cayvaifHbIX BeJIMYUNH
Onpeaenenne. Ciaydaiinble BeTUINHBI 1, . . . , &, Ha3bIBAIOT HE3ABUCUMBLMU 6
COBOKYNMHOCTU, €CJIN JIJIsA JTIOOOTO Habopa 60peIeBCKIX MHOXKeCTB By, ..., B, €
B(R):
P € Bi,....6n € By) =P (& € B1)-...-P(& € By)
Kpurepuii HezaBucumoctu. Cayuatinovie seaudunst £, . . ., &, HE3ABUCUMDL 6

COBOKYNHOCNU <> UMEEM MECMO PABEHCMEBO.

Fe,oe, (@1, .,xn) = Fg (21) - ... - Fe, ().

B wacmHyocmu, 6 CAY4ace @ucnpemnoeo COBMECITMHO20 pacnpec?meHu.ﬂ:

P& =ay,....6,=a,)=P& =a1)-...-P(& =a,) Vai,...,a, €R.
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B cayuae abcoaommo nenpepuenozo:
ffl,---,ﬁn ($1, s 7$n) - f§1 (371) I ffn (l’n) .

dopmysia CBEPTKHA

IIycts  &1,& — chaydvaiinble BeJWYUHBI € IJIOTHOCTBIO COBMECTHOT'O
pacrpesiesienus  fe, ¢, (r1, ), 3amana Gopenesckag dynkmua g: R? — R.
Tpebyercst HaiiTn GYHKINIO pacipeiesieHns (U MI0THOCTh, €CT OHA CYIIEeCTBYeT)
caydaitaoii Bemanssl 1 = g (&1, &9).

Jdemma. ITycmo x € R, zadana obracmov D, CR? D, = {(u,v): g(u,v) < x}
Tozda cayuwatimas eesuvuna n = g (&1,&) umeem dynryuro pacnpedeserins

ﬂ@%ﬂmﬂééﬁ<@=P«&£ﬁEDdzf/k@mwmmu

Janee cumTaem, 4TO cjydaiiHble BeJIUYMHbI & U & HE3aBUCUMBI, T. €.

fa.o(u,v) = fe(u)fe,(v). B sTom cityuae pacupejesnenue Beaudussl g (&1, £2)
II0JIHOCTBIO OIPEIEISIeTCsl YJACTHBIME Paclipele/eHuamMy Beandaun &1 u &o.

Dopmyna cBEPTKU. Ecau cayuatinve seauduns £ u £y HE3ABUCUMDL U UMEIOM.
abcorrommo Henpepuishvie pacnpedeserus ¢ naommuocmamu fe (u) u fe,(v), mo
naomnocms pacnpedeaenus cymmo, £ + o cywecmeyem u pasna «ceEpmiKes
naommuocmet fe, U fe,:

fare(t) = / fer () fe, (t — u)du = / Je,(u) fe, (t — w)du.

HokazaresbcTBO. Bociosbayemest yTBepKIeHHEeM BbIIIEYKA3aHHON JIeMMbl
1utst 6opesiesckoit dyukiuu g(u,v) = u + v. UaTerpuposanue 1o jiByMepHOii
obimactu D, = {(u,v): u + v < T} MOXKHO 3aMEHUTDH MOCJIEIOBATE/ILHBIM
BBIYHUCJIEHNEM JIBYX MHTEIPAJIOB: HAPYZKHOTO — T10 TIEPEMEHHOI U, MeHsItoIeiics
B rpeJieJiax 0T —00 JI0 +00, U BHYTPEHHEr0 — 110 TePEeMEHHON v, KOTOpast [pu
KazKJIOM 1 JIOJIZKHA ObITh MeHbIIe, 4eM - — u. [loaromy

—00

f%a@jﬂ%mmmmm—f Yﬁmm@de

CrieslaeM B 1ocjie[iHeM nHTerpaje 3ameny v = t — u. [pu stoM v € (—00, x —
u) <= t € (—oo,x),dv = dt. B nosydeHHOM MHTErpajie MeHsieM MOPsiIOK
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UHTEIrpuUpOBaHNA:

F£1+§2(f€)/oojf&(u)fsz(t—u)dtduj /Oof&(u)fsz(t—u)du dt.

-0 —O&0 —0

I3 dbynkiun pactpejenenns Fg ¢, () BbIpazKaeTcs IIOTHOCTD f¢ ¢, (t). |

KoBapunariusi, KoacdpuiimeHT KoppeJidaiini, nX CBOCTBa

Onpenenenune. Paccvorpum ciydaiiiblie Besnauibl £ u 1. Jucnepeust uX cyMMbI
B 00miem ciyudae papia D(E +n) =DE+Dn + Z(E(fn) —E¢ En). Bennunna
cov(&,n) = E(&n) — E€ En nassiBaercs xosapuayued, CyqdaitHbix Beudaus & u 7).
Eciu € u n nesaucumbl, 1o cov(€,n) = 0. ObpartHoe, BOOOIIE MOBOPSI, HEBEPHO.

ITpumep. Pacemorpum § ~ U_r.q, Cydaiiuple BeTMIUHBL 77 = c08§ 1 1jp = sin&.

1. JlokarkeM HEKOPEJJINPOBAHHOCTD JIAHHBIX CJIYYailHbIX BEJTUYNH.

f 1 f 1
Em:/cosx-—dx:Q Engz/sinx'—dx:()
2T 2T
S U U
Enmg:/(cosxsmx)—da::— sin 2xdx = 0
™ A

CrenoBaresbro, cov(ng, n2) = 0.

2. JlokaxkeM 3aBUCHMOCTH 1)1 U 1. PaccMoTpum coObITHS:

1 1
A= {Wi mw) € [0751}7 B = {WZ m(w) € [0,51},
HpOBepI/IM IO KPUTEPUIO HE3ABUCHUMOCTU:

1 T T T T 1 T 1
rfne p}-rlee [E1oB 3 - e 5-1
{”16[02” “€l2 3V or © 6 6
1 s T 1 T 1
P 0,-|=p {o,_}u_, _ LT 1
(neog]p-rlec ] [T} -5 G-

1 1 1 1

P - e ) S A

{7716[072]7772610;2]} { } #6 6

CiieioBaTeIbHO, 1) U 7)o 3aBUCHMBI.

CsoiicTBa KOBapualiim.
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A N

cov(,§) = DE;

cov(&,n) = cov(n,§);
Va,b € R cov(al +b,n) = acov(§,n);

cov(n + ¢, &) = cov(n,§) + cov((, §);

covi(&,m) < DE D,

cov’(é,m) =DEDn <= &= an+b, a,b € R (ananroz nepasencmsa
Kowwu-Bynarosckoeo);

Bennunna koBapmalum XapaKTepU3yeT Mepy JIMHEHHON 3aBUCUMOCTH

ciydaitabix BesimauH. OJHAKO OT YMHOXKeHHUsT Ha KOHCTAHTY (He PABHYIO HYJIO)
3aBUCUMOCTD CJIy4YaliHbIX BEJIUYUH HE U3MEHAETCd, B OTJIMYME OT KOBapUAIUU.
BrejiéM HOBBINT TepMUH.

Onpenenenune. Kospguyuenm xoppeasyuu p(E,n) caydaitubix Beuann & u 1,
JIACIEPCHH KOTOPBIX CYIIECTBYIOT U OTJIUYHLI OT HYJIS:

__cov(§,n)

CBoiicTBa Ko3(dduimmeHTa Koppeadainn.

1.

2.

Kosppuvuenm xoppesayuu HE3a6UCUMDBIT CAYIATHDLT BEAUNUN, PABEH HYAI0;

Jlas mobbir 08YT CAYHATHLLT EAUNUH (ONA KOMOPOIT BOINOAHEHDL YCAOBUA
onpedesenus,) ur KoaPhuruenm xoppessuuL no MoOYAI0 HE NPEGOCTOIUM.
eQuUHULbL;

Ecau !p(X, Y)‘ = 1, mo ¢ eepoamnocmvio odun X u Y aunetino
suipasicaromces dpye uepes opyea:

p(X,Y)|=1=3a#0,beR: P(X —aY =b) =1.

IIpu smom 3Hax xosgpduyuenma a cosnadaem co 3HakoMm KoapPuLyUEHMa
KOPPEAAUULU.

,Z[OK&B&TG.TII)CTBO.

1.

B uuciuresne apobu, KOTopoit paBeH KoM UITMEHT KOPPEIAINN, OKaZKETCA
HOJTb. B 3HamMenaresie HyJst OBITb HE JIOJYKHO, 9TO 00eCHeunBaeTCs
olpeJieJIeHuEM.
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2. ObozHaumM 3TH JiBe CydaiiHble BeJIMINHBI KaK & U 1) 1 HeHTpupyem: &, =
E—FE&un =n—En Tak xax cov(&,n) = cov (&, 1), a aucrepcust
CJIyYailHON BeJINYNHBI HE MEHSETCdA OT CMEIICHUS C/IyYaiiHON BEJIMYNHBI Ha
KOHCTaHTY, KO3(DPUITMEHT KOPPEJIAINI He U3MEHHUTCS.

Hamnee, tx. K& =En. = 0:

D¢ =R~ (BE) =EE, Dy = Enf;
Ccov (507776) = E(fc 770) —E{ En =E (fc 776)'

Hajee wayT Te Ke PACCykKJEHUs, UYTO YaCTO WCIOJB3YIOTCS IIPH
JloKazaTeIbcTBe HepaBeHcTBa Komn-byHrakoBekoro:

VaeR 0<D(E —an)=E( - a770)2_(E (& — Cmc))2 =E (& — C”?c)2 .

[Tosryuennoe HepaBeHCTBO MOXKHO paccMaTpUBaTh KaK KBaJpaTHOE
HEPABEHCTBO OTHOCUTEJIbHO @, & UMEHHO

E (& —an)’ =E& —2aE (En.) + d®En? > 0.

[TockoJIbKYy BEpHO 3TO I JIOOOr0 @, TO JUCKPUMHUHAHTY HEJIb3sd ObIThH
6osbIne nysd. To ecTh:

(E(En))’ —EEER <0< |E(En)| < VECER —
= ‘COV (gcanc)’ < \/]D)fc ]D)nc

[To mokazannoMy BbINllEe «CTUPAHUE» UHJEKCOB HE U3MEHUT KOI(PPUIINEHTOB.

3. JlokazaTe/IbCTBO 3TOTO CBOMCTBA IEJIMKOM OIMUPAETCS Ha JJOKA3ATETbCTBO
IPEJIbILYIIEr0: eC/IN BbIIOJHIIOCH paBeHcTBo | cov(E,n)| = D& Dn, To
KBaJIPATHOE HEPABEHCTBO OTHOCUTEIHHO ¢ 0OPATHIOCH B paBeHCTBO. Ho 910
PaBEHCTBO O3HavaeT, 9To pasHa HyJ0 D(§ — an), a 310 cpasy roBoput o
TOM, YTO C BEPOSITHOCTHIO OjiuH £ — an paBHa KoHcTaHTe. ODO3HAUUM 3TY
KOHCTAHTY 3a b U IOJIy4IUM TO, UTO HY?KHO OBLIO JIOKA3aTh.

Bnak KoaddumenTa KOppessiiul COBIIaIaeT ¢ 3HAKOM KOBapuUallum, Tak
JINCIIEPCUN TI0 TTPEJIITOJIOXKEHUIO TI0JI0YKUTE/IbHBI. Bhipasus £ depes 1), Mbl
MOZKEM BOCITIOJIb30BaThCd CBOMCTBAMU KOBapUAIMU U TOJYYUTH

covian+b,m)  acov(n,pg) _ aDp

p(&,n) = plan+b,n) = /Dlan 1 5) Dy = JZDnDr = oDy = sign(a).
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1.11 HepaBencTtBa Mapkosa, UYeOninieBa u I'aycca. I1paBmio
«Tpex curM». 3aKOH OoabOnmx unceja B ddopme
YHeobbI1IEBA

HepasenctBo MapkoBa. Ecau E €| < oo, mo daa aoboz0 x > 0

CEll
X

P(|¢] > =)

Hoxkazarenbctio. [(A) ~ By, p=P(I(A) = 1) =P(4) = E I(A).

HAuKATOPHI IPSIMOI'O U IPOTHBOIIOIOZKHOIO COOBITHIl CBsI3aHbI PABEHCTBOM

[(A) + I(A) = 1, mosromy

€ = 1€ -T([¢] < =) +1&]-T(IE] = =) = 1€] - T1(]] = 2) = = - 1(J¢] > ).

Torna E|¢] > E(z - 1(|¢] = z)) = z - P(]¢| = z). Ocranocs paspesnts o6e
YaCTU HTOr0 HEPABEHCTBA HA MOJOKUTEIbHOE TUCIIO . |

HepaBencrBo HebbinieBa. Fcau D& cyuecmeyem, mo oas aobozo € > 0

D
P~ E| > ) < .

HokazarenbcrBo. [l e > 0 nepasenctso [E—E&] > e <= (E-E§)? > &2,
(€-E¢’ _ D¢

E
nostouy P ~E&| > ¢) =P ((§ ~E¢)* > %) < —— 2

Onpenenenne. B nepapencrse YeObIéEBa B KauecTBe € MOYKHO OpaTh JIF0OOE
HOJIOKUTE/IbHOE 4ncyio. Ecin B34Th B KadecTBe € BeJIUYIUHy 30, Tje 0 —
CTaH/IAPTHOE OTKJIOHEHHE, TO MOJIYIIM

D¢ D¢ 1

8
P(\g—E§|>30)<902—9D£—§ = IP’(|§—]E£\<30)>1——:§.

DTO COOTHOIIEHNE HABBIBACTCH NPAGUAOM MPET CULM.

HepaBenctBo I'aycca. [lycmv X — odnomodasvrasn cayuatings 6eAuquna c
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2

modoti m, a®> — mamemamuuecxoe osicudarue (X —m)?. Tozda

([ 2a ? 2a
3 ecau k > —;
P(X —m| > k) < ¢ 3
ok 0< kg
—— ecru0 <k < —.
C aV3 V3

Omnpenenenne. ['0BopsIT, 9TO HOCIEA0BATEIBHOCTD CJIyUaiiHbIX BenanH &1, &, . . .
C KOHEYHBIMHU TIEPBBIMU MOMEHTaAMU YJ0BAEMBOPAEM, 34KOHY OOALULUL YUCEN, €CITH

S+...+& ) - |EH+ ..+ EE,
> 0

4
n n—-4oo

3akoH Oouabmnmx 4mcea B dopme  YHebbnnésa. Jlas 110001
nocaedosamesvrocmu  £1,&, ... NONAPHO  HE3ABUCUMBIL U  00UHAKOBO
PACNPEIENEHHBIT  CAYUAGUHDIT BEAUNUH €  KOHEYHBIM  GMOPLIM  MOMEHITLOM
E£2 < 00 umeem Mecmo cxooumocmy

ft g g,
n

HoxkazareabcTBo. O603HaunM depe3 S, = & + ... + &, cyMMy IEPBBIX N
caydaiiubIX BesimanH. V3 TuHefHOCTH MaTOXKUTaHUS TTOJTY TIM

E Sn _ S+ .+ EE _n leE&'
n n n

[Tycts € > 0. Bocrob3yemcst nepaBeHCTBOM HeObIEBA:

D (= i
P &—E & >c) < (n):DS”:D&JF + D¢ =
n n g2 n2e? n2e?
:n]D)fl:]D)fl \O
n2e? ne? n—otoo

Tak Kak D& < oo. ucnepenst cyMMbl TTpeBpaTuIach B CyMMY JTUCIEPCHiT B CUITY
IIOIIAPHON HE3aBHCHMOCTH CJIaraeMbIX, N3-3a KOTODOIl Bce KoBapuain cov(&;, &)
10 CBOMCTBY KOBapualuu oOpaTUINCh B HYJIb IIPU & # . |

3aMevaHMe. YCJIOBHE IIONAPHOIl HE3aBUCUMOCTHU SIBJSIETCS M30BITOYHBIM —
JIOCTATOYHO paBEHCTBA HYJIIO KOBAPUIUIA, T.€. HEKOPPEJUPOBAHHOCTU CJIyYailHbIX
Besin4unH. MHTEpecHo, 9TO jazkKe 3TO yCJI0BHEe MOYKHO OC/IadUTh U IOTPebOBaTh
TOJILKO HEOTPUTIATETHLHOCTH KOBapuaruii. /lokazaTebcTBO 9TOro pakTa OCTaBUM
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qUTaTe/JI0 B Ka9eCTBE YVIIpazKHEHUA.

1.12 Buabl cXoAMMOCTH ITOCJEA0BATEILHOCTEN CaydaliHbIX
BEJINYNH

IIycts caydgaitable BequuwHbl &, &1,..., &,,... OIpEJCIEHBI Ha OJHOM
BEPOSITHOCTHOM TipocTpancTse (€2, F, P).
400

n=1
o o II.H.
noumu nasepHoe crodumces K ciydaitaoii seqmanse € (£, —> £), ecm

P({or Jim 6w =)} ) =1

Onpenenenue. [locienoBare/bHOCTD cirydaiiabix Beanans {&,

Onpenenenue. [locienoBare/bHOCTD ciiydaiiabix Beanans {&,

+00
n=1

L P
cxodumcsa no eepoamuocmu K ciaydaiinoit emaune € (&, — £), ecam

n—-+0o00

Ve > 0 P({w: 16 (w) — E(W)] > g}> o

Ounpenenenne. IlocienoBarebHOCTD carydaiinbix Beunann {&, } 2

L
cxodumcsa 6 cpednem K ciaydaiinoit Bejmaune £ (&, ﬂ) & wm &, — &), ecan

El& —¢& ——0, r>1.

n—-+o00

B IIocje AyIouux oIlIpedaejeHnAx Cﬂy‘{aﬁHble BECJIMYMHBI MOI'YT IIpUHAIJIEZKATD
Pa3HbIM BEPOATHOCTHBLIM IIPOCTpaHCTBaM.

+oo

Omnpenenenne. [locienoBaresbHOCTD CayIaitabx Besamant {&, }25

N d
cxodumcsa no pacnpedesenuro K ciydaitaoit seqmante & (£, — &), econ

Fe (2) —= Fe¢(z) Vx, B KoTOpBIX F¢ HElpepbIBHA.

Omnpenesienne. [loceqoBaTe/IbHOCTD CIydailHbIX Beuaut {&, :ﬁ‘i
o o w
caabo crodumes K ciaydaitnoit Bemmanue & (£, — &), econ

E f (&) — E f(§) V nenpepbiBHOIT orpanndenuoii f(x).

yTBep}K,Z[eHI/Ie. Buwey%asaHHme eudvl cxrodumocmu nocaedosamenvrocmet
my%az’lnua: GEAUYUH CEBA3AHDL CJLGO-)y"fO”LLQUJ\/L’LL omrowerHuUAMU.
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IT.H.

p=—d<=w

(r)
JlokazaTeJabCcTBO.
(r) = p Ucnoas3yem HepasercTso Mapkosa:

E\&, — &
Pl — €] > ¢) =B —cf ) < =

er n—4-00

(r) <= p Paccmorpum mocieioBaTe/IbHOCTD CJIydailHbIX BEJITUNH:

P(|¢,| > ) —— 0, onnako E|E,|" = 1.
n—-+00

mH. = p OT NPOTHBHOTO: JOMYCTHM, HYTO BBIIOJHICTCS —OIPEICICHUE
CXOAMMOCTH MOYTH HaBEPHOE, HO HET CXOMMOCTH 110 BepOSITHOCTH. Pacmuiem
OTIpeJiesIeHIe CXOIMMOCTH 110 BEPOSITHOCTH (06paTnTe BHUMAHNE, UTO 3/16Ch
eCTb €' 1 € — OJIH W3 ONpPEJIeJCHIs TIPEJIeIIa, IPYTOi — U3 ONPECTCHIs
CXOJIUMOCTH ):

Ve>0,¢'>0 INeN:Vn >N P({w: &n(w) — E(w)] > 5}> <é
[To npeJIoIozKeHIIO CXOUMOCTE 110 BEPOATHOCTU OTCYTCTBYET:
Jeg > 0, >0: VN eN3In> N P({w: | (w)—E(w)| > 50}> > ey > 0.
Pacriiem Ternepb onpejie/ieHne CXOMMOCTH MOYTH HABEPHOE:
Ve>0 INeN:Vn>N ]P’({w: &0 (w) — E(w)] < 5}) = 1.
[TojicTaBuUB €) U MOMEHSIB 3HAK HEPABEHCTBA, TIOJIY UM
P({w: }fn(w) — §(w)‘ > 80}) = 0.

Ho sTo IIPOTUBOPECYUT BTOPOMY HEPaBEHCTBY. BHa‘II/IT, Hallle IIPpeaIroJIozKEHNe
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HEBEPHO, U U3 CXOJMMOCTHU IIOYTH HaBEpPHOE CJieJlyeT CXOJAUMOCTb IIO
BEPOSITHOCTHU, UTO U TPEOOBAJIOCH JOKA3ATh.

1. <#= p Pacemorpum sepoarnocTioe npocrpanctso ([0, 1], By 1y, A) (A — mepa
Jlebera). [omoxum & = 0, & = I([O, 2”), §obgp = I([Qk,%}]), 1<p<
2%, Torma &, = 0, Tx. P(&ry, > 0) < A([4,57]) < % — 0, 10 &, 5 0,

T.K. JIJIsT JTI0OOTO W CYIIEeCTBYeT DECKOHETHO MHOTO N, TakuX 4910 &, (w) = 1
(r) <~ m.H. Pacemorpum 1o ke BepOHTHOCTHOG npocrpancTso ([0, 1], B 1y, A).
Onpenenum it k > 1 & = I([O, 21k]). Torma Vk K& = 1, HO
£ =1(w=0).
p = w Ilycre f - orpanumvennass u uenpepbiBHast dyukius, |f| < C.
Badukcupyem € > 0. AN, J9:

L. P(|¢] > N) < g5, (910 BosmoxkHO, TX. P({ > ) —— 0)

rT—+00

2. P(|&, — €| >0) < gz VYn > N (U3 cXOIUMOCTH IO BEPOATHOCTH)

3. Va,y: |z| < N,|lv —y| <d = |f(z) - f(y)| <5, 7K. f 10 Teopeme

Kanrtopa pasHoMepHO HelpepbiBHA Ha orpeske [— N, N].

Paccmorpum ciejyrorniue coobITus:

Ar = {I€, — €&l < apn{l§l < N},
Ay = {|& — &l <o {[¢] = N},
A?):{‘gn_é‘ >5}

D1 cobbIThs 00paszyioT pasduenne () = A; U Ay U As.
Onennm |E (&) — E f(§)]:

Ef(6) —ES©)] = [E(f (&) - F©)] <EIf () — £(6)| =
- E[!f (6) = F(O] 104 +104) + 104 | <

P () +2C(P(4s) + P(4) < = +20 (5 + =) ==,

<=
3 6C  6C

OJI(*)

OTKYJIa CJIEIYET, 9TO ’]E f(&) — ]Ef(f)’ -0 = &, 5S¢

17 b1 = | 07 b1 = .
p <~ d Tlycrs &, = 2, €= 2.
07 Po =3 17 Po =3
17 P11 = %
Torma |&, — &| = 0. py— 1 1 He BBIIOJIHSIETCSI ONPEE/ICHIe CXOIUMOCTI
y M0 — b)
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10 BepOSITHOCTH, HAIPUMED, LIPH £ = 3, T.K.
1
P(]fn—§|>§) =1-» 0 upun — oo.

p <= w Iycrs Q = {wi,wr},P({w1}) = P({ws}) = 1.
Omnpenesmm st Jir060ro n &, (wy) = 1,&,(we) = —1. [onoxum £ = —&,.
Torna:

B /e = D g ey

novn &, —€&l =2 = &, » ¢
|

3ameuanue. Cirabas cXOAUMOCTh BCE 2Ke He eCTh CXOAUMOCTD CJIYIaiiHbIX BeJINUINH,
1 €10 HeJIb3sI OIIEPUPOBATH KaK CXOAUMOCTSIME I1.H. 1 110 BEPOSITHOCTH, J1JIsT KOTOPbBIX
peJiesibHast Cilydaiinasi BeJIMInHa €JIMHCTBEHHA (C TOYHOCTBHIO JI0 3HAYEHUil Ha
MHOYKECTBE HYJIEBOI BEPOSITHOCTH).

Samedanue. Bo MHOIUX mcToYHMKAxX cjadasl CXOINUMOCTbL U CXOJINMOCTDL IO
pacrapeae/IeHII0 BBOASTCS KaK OJMH U TOT »Ke BHJ CXOAUMOCTHU. Te HeMHoTue
JIOKa3aTeJIbCTBa SKBUBAJEHTHOCTHU, KOTOPbIE YVIAJIOCh HAIITH aBTOpPaM, CJIUIITKOM
TEXHUYHBI U IPEeJOCTABIAIOTCA YUTATEIIIO.

1.13 XapakTtepuctuieckne (pyHKIINN U X CBOICTBA

Omnpenesienne. Xapaxmepucmuueckan Gynkyus caywainots seaudums, £ —
dbynxiug e R — C:

0e(t) = Ee™ = Ecos(t&) + i Esin(tf) = /em’ng(;c),
R

rjle UHTerpaJi clipaBa Ha3blBaeTcs unmezpasom Pypve-Cmusvmoveca.
[st abCoJIFOTHO HENPEPBIBHOTO paCIIpe/ieieHIs XapaKTepucTuieckast pyHKIUsI
nMeeT BUJL

we(t) = /emf(x) dx.

st TMCKpeTHoro, COOTBETCTBEHHO,

pe(t) = M P(E =)

1
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ITpumep. Xapaxrepuctudeckas (pyHKIUS CTAHIaPTHON HOPMAJIbLHOM CIydaitHoi
BesinuuHbl § ~ Nog:

oo oo

! ~ 1 ,
pe(t) = Vo / ere 2y = o / e 2= 2 it + /2 g,
= L / e—t2/2€_(1’—it)2/2dx — e—tQ/ZL / e_(x_it)Q/Qd(x _ Zt) _ e—t2/2.
2 V2T

CsBoiicTBa XapaKTepuCTUIeCKOl (pyHKITNH.

1. Xapaxmepucmuveckas Gynkuyus cyuecmeyem oas 10000  cayuatinot
geAUMUHDL &.

2. V€, Va,b € R: @uep(t) = epe(at).
. () |pelt)] = [Ee¥] < 1
(0) ¢e(0) = 1;

(c) pe(t) = pe(—t) = p-¢(t) VteER.
Caedcmeue Ecau rapaxmepucmureckas GYHKUUA BEULLCTNEBEHHO3HAYHA,
Mo OHaA ABAAEMCA YEMMHOU.

4. Ecau cayuatinve seauvuno, & u n nedasucumol, mo Peip(t) = pe(t)e,(t).
5. Xapaxmepucmuneckas GYHKUUL PAGHOMEPHO HENPEPLIGHA.

6. Ecau cywecmeyem abcomommnidi momenm k-20 nopadka E|€|F < oo, k > 1,
Mo CYWECMBYEm HENPEPLIGHAA k-4 NPOU3BOOHAA TAPAKMEPUCTNUYECKOT
byHryUL:

o ko ok
@Sﬁf(t) =1 E&
t=0

Ecau  cywecmeyem mHenpepwvienas npoudsooHas XTapaKmePUuCmuecrot
dynxyuu nopadka k = 2n,n € N, mo cywecmsyem abcorrommviti momenm
nopadka k = 2n : E||F = E£F (a caedosamenvio, u 6ce npedudyuyue) u
€20 MOJHCHO BVIMUCAUMD N0 MOt dice hopmyne.

7. Xapaxmepucmuueckan GUHKUUA CAYHATHO  Geaudunsl £ 00HO3HAYHO
onpedeasem eé pynruyuro pacnpedeserus Fe(x). Pad pacnpedenenusn uau
NAOMHOCTb B0CCMAHABAUBAIOMEA NO TAPAKMEPUCTNUYECKOT GYHKUUU C
nomouywbto npeobpasosarus Dypve.
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Tuckpemmoe pacnpedeserue:

:27'('

Abcomommo nenpepovisroe pacnpedensenue:

1
fe(x) :g/em%(t) dt, zeR

8. & SN E <= @, (t) —— @e(t) (meopema Jlesu o nenpepvisHom

n—0o0 n—0o0
COOMBEMCMEUL,).

JlokazaTeabCcTBO.

1. CymecTBoBanne XapakKTepuCcTUIecKoil pyHKIMU PaBHOCUILHO PABHOMEPHOIT
CXOJTUMOCTH COOTBETCTBYIONIETO HMHTerpaJja. JlokaxkeM e€ 1o Tpu3HAKY
Beitepmrpacca:

lpe(t)| = / e dF(x /\em\dF /dF( ) = 1.

R

2 Spa§+b(t) _ Eeit(a§+b) — Eltb IR eital — Gitbwg(at).

3. Hepagencrso mokaszano B nmynkre 1, paBeHcTBO (b) 0UEBHIIHO.

we(—t) = Ecos(—t§) + i E sin(—t&) = Ecos(tf) — i E sin(t§) = e(t).
OcTaBIinecst paBeHCTBa CJIEYIOT U3 BTOPOIO CBOCTBA.
4. pein(t) = Ee®H) = {nezapucumoctsn} = E e E e = o (), (1).

5. Bwibepem ckosib yrojgHo masioe € > (0 m OIEHUM pa3HOCTH 3HAYECHUI
XapaKTepUCTUIeCKo PYHKIUN B TOUKax t u t + h:

‘ (t+h)— |_ /< i(t+h)x 'tm) dF (z)| = /em (6z'h:c_1) dF(z)| <

</|e”””—1|dF(a:): [ et =ajdr@+ [ et~ 1))

lz|<R |z|>R

50



Teneps BoiGepem R Hactombko Gombimmm, utobst P(|z] > R) < £. Ilockoubky
o
[Tocsie 3Toro BwIOEpPEM h CTOJIBL MaJbIM, YTOObI ‘emx — 1‘ < 5 upu

Beex |x| < R. Torma wm mepBblit mHTErpaj HE MPEBOCXOINUT S M, TaKUM

obpasom, 1o 3ajaHHOMy € > ( mojobpano ctosib Masoe h > 0, 4ro
o(t+h) —p(t) <eVtER.

< 2, BTOPOIi nHTerpaJl Ipu 3TOM He IIPEBOCXOJIUT 110 BEJINYNHE

6. Eciu cymectyer E&F < 0o, k > 1, To nia Bcex m = 1,k cymecTByioT
E&™ < oo. CreroBaTesibio,

/ (iz)"e " dF (z)| < / 2" dF(2) = E|€]" < 00 ¥m = T.F.

R R

T.e. unrerpannt [ (ix)™e"™dF(x) cXOAATCs PABHOMEDHO 110 T, a 3HAUUT,
R
nuddepennupoBade 1Mo ¢ MOYKHO MEHSITH MecTaMU ¢  olepalueii

UHTErPUPOBaHUS, OTKY/IA

o (t) =i / 2" dF (z), " (0) = " / 2" dF(z) = i"E&.
R R

[lycts y xapakrepucTudeckoit QyHKIUN CYIIECTBYeT HelpepbIBHASI
IIPOU3BO/HAsT IETHOrO TOpsijka k. Xapakrepuctudeckas (GYHKIUST U €€
NIPOM3BOJIHbIE HelPephIBHbBI, (MYHKIMA €7 GeckoHeuHo (a 3HAYUT, U HyKHbIE
HaMm k pa3s) nuddepenimpyema 1o ¢, U MOYKHO TTOKA3aTh, UTO [P ITUX
YCJIOBHAX MOXKHO IOMEHSTh 3HAKU MHTEIPUPOBAaHUS 1 JudpepeHInpoBaHus
MectaMu. Torja Mbl Oy IUM, 9TO

pM(0) =" Egre™|_ =B = / 2*dF (z).
R

¥ > 0 B cuay uwérnocrn k, a 3HAYNT, VKA3AHHBIH UHTErPAJ CXOIUTCS

a6COJHOTHO, 9TO 1 O3HaYacT CyleCTBOBaHHE MCKOMOI'O MaTEMaTUI€eCKOI'O
OZK JaHd.

1.14 3akon Gosbnmx 4uncea B popme XuHIMHA

3akoH OoubIX 4uces B popMe XUHUYUHA.
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as moboti nocaedosamenvrocmu £1,&, ... MHE3ABUCUMBT U 00UHAKOBO

PACTPEIENEHHDIT CAYHATHHLE BEAUNUN, € KOHEYHLM Nepebim Mmomermom E |&| <

C)O1 UMEEm MeCMo CTodUMOCMyb:

S, L&,
_:514‘ +¢& LN ¥
n n

st roKazaTe/beTBa TeOPeMbl HaM IIOTPeOYeTCsT CIe Iy Iolast JeMMa.
w p
Jlemma. Ecau &, —> c = const, mo &, — c.

w
HoxkazarenbcTBo. [lycts &, — ¢, T.c.

0, z<cg
Fe (z) = Fo(z) = 1 oz

P JIDOOM I, SIBJISTIOIIEMCSI TOUKOI HelpepbIBHOCTH pejieibHoil hyukiuu F,(x),
T. e. VI # c.

Bosbmém mpousBosibioe € > 0 u goxaxkeM, uto P (€, —¢| <¢e) — 1

Pl—e<& —c<e)=P(c—e<&<c+e)2Pc—e/2<E, <c+e) =
=F (c+e)—Fg(c—¢/2) > F(c+e)—F(c—¢/2)=1-0=1

IIOCKOJIBKY B TOUKAX ¢+ € 1 ¢ — €/2 dyuxkuna F, nenpepbiBHa, 1, CJIEJOBATEIBHO,
FMEeT MeCTO CXOJMMOCTb IocjiejioBarenbaocreit Fy (¢ +¢) xk Fo(c+¢) =1n
Fe(c—¢e/2) k F(c—¢/2) =0.

Ocrasocs 3ametntn, uto P (|€, — ¢| < €) ne 6niBaer Gosbie 1, Tak 9ITO 10
CBOMCTBY mpejiesia 3axKkaroifi mocaenoBarenbioctu P (|, — ¢ <) — 1. |

[lepeiiiém K TI0Ka3aTETHCTBY TEOPEMDI.

JokazaresnbcTBo. [lo BblenpusejéHHOMY CBOMCTBY CXOAUMOCTD 110
BEPOATHOCTH K IIOCTOSIHHOI SKBUBaJIeHTHa cj1aboil cxopumoctu. Taxk Kak a —
IIOCTOsAHHAA, JIOCTATOUYHO JI0OKa3aTh CJIa0yl0 CXOJUMOCTD % K a. Ilo Teopeme o
HEIIPEPBIBHOM COOTBETCTBUH, 9Ta CXOJMMOCTb HMeeT MECTO TOIJIa U TOJIKO TOIJIA,
Kora [ jitoboro ¢ € R cxonarea xapakrepucruieckue OyHKIUN

@Sn/n(t) BN (,Oa(t) — Eeita — eita

Haii1ém xapakTepucTuIecKyto pyHKITIIO CIyUaiHO BeTMIIMHBI % [Tonb3ysich

CBOICTBAMI XapaKTEPUCTUIECKON (DyHKIINH, HOJTydaeM

t t\\"

ITx. B onpeiesieHnu MaTEeMaTHIECKOTO OXKHIaHus TpebyeTcs abCoMOTHAs CXOIUMOCTD, cyliecTBoBanue E 1
u E |n| paBHOCHIIBHO.
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Benomunm, 9T0 HepBbIit MOMEHT &1 CYIIECTBYET, IO9TOMY MbI MOYKEM PA3/I0KUTH
©¢, (t) B pag Teitnopa B OKpeCTHOCTH HyJIS:

0, (t) = 1+ it B& + ot) = 1 +ita + oft).

B Touke % COOTBETCTBEHHO:

w)-eel)
©s,/n(t) = (9051 (%)) = (1+%a+o (%)) .

I[Ipu n — +00 BOCIIOJIB3YyEMCA «3aM€YaTCJIbHbIM IIDEJICJIOM > 1+ z\" — €’ n
p p n
IIOJIY9HM:

ita t\\" ita\" t .
=1+ — — =1+ — =) (... ita
s = (150 (5)) = (15) o (B) e

|
1.15 llenTpajibHasd npejaejbHas TeopeMa
LleaTpaabHas npeaebHast TeopeMa. [lycmo 1,6, ... —
nocAedo6amesbHOCNY HE3A6UCUMDBLE 00UHaK060 PaAcnpedeNeHHvLT
neevipostclennur’  cayuatinur ceaunun ¢ BE < oo u S, = & + ... + &,
Tozda

S = - 2

JokazateanbcTtBo. [Iycte E& = m, D¢ = 02 Beném X = & —m
ox(t) = Ee™™. Bpeném Takxe

B cuty passioxkeHusi XapaKTepuCTHIecKoil (byHKIUN (IIPU CyIeCTBOBAHUM

1T.e. UX JUCHIEPCUU OTJIMIHBI OT HYJIA. Bazknoe Tpe6OBaHI/Ie7 T.K. HaM HY>KHO 6y‘£LeT JeJINTh Ha JUCIIEPCHUIO.
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COOTBETCTBYIOIINX MOMGHTOB)

.
ox(t) =1+t EX +... + (Zn? E X" + Ry(t)

YauteiBas 1o, 9uto E X = E[§ — m| = 0, upu n = 2 nosyanm

242
gp(t)zl—%Jra(t?), t—0

CiaenoBaresbHo, as1 joboro t € R npu n — 400

on(t) = [1 _ ot +0 (l>r e T

202n, n

N

2
t
Oynknud e~ 2 gpidercd Xapakrepucrudeckoil dynxkuumeit Ngoj. B cuy

TEOPEMbI O HEIPEPLIBHOM COOTBETCTBUM MEXKY (PYHKIUSIMU PaCIIPE/IeICHUS
I XapaKTepucTudeckKuMu QYHKIUAMUI IeHTpaJbHasl IIpejiesibHasl TeopeMa
JI0Ka3aHa. [ |

1.16 VYciaoBHoe MaTreMaTUYecKoe OXKIIaHWe

PaccmorpuM  auckpeTHble — caydaitHble  BeqmdauHbl £ w1 HA

BeposiTHOCTHOM — mipoctpanctee  (Q, F,P). ¢  npununmaer  3HAUYCHHsA
Y1,Y%2,-.., N — X1,To,... BcrmomHUM orlpejie/ieHne YCIOBHOW BEPOSTHOCTH:
P(§ =y, n=uz)

Panee Mbl mpoBeps/in, 9TO YCJIOBHAS

P(§ =wiln=x;) =
P(n =)
nN=2j
BEPOSATHOCTD dABJIAETCA BEPOATHOCTHOI Mepoil na o-aiareope JF. Pacemorpum
Terepb CIeLYIONIYI0 BeTMINHY:

E [§n = x;] ZZyz-P(é:yiln:%’j) = f(x;). (1.2)

f(x) — peepeccus & ma 7n. B MareMarndeckoM aHaJHM3e M3ydarOTCs
pyHKIIMOHATbHBIE 3aBUCUMOCTH — KaKJOMY 3HAUEHWIO HE3aBUCHMOIT MepeMenHoit
I COOTBETCTBYET OJIHO ONpejeéHHOe 3HadeHne Besmiannbl y = f(x). B Teopun
BEPOSITHOCTEN W CTATUCTUKE WM3YYaIOTCd 3aBUCUMOCTU MEXKIY CAyJIallHbIMU
BeJIMIMHAMU — Harnpumep, & u 7. B 9ToMm ciaydae npu NpUHATHA BEJTUTHTHON
7 3HaYeHUd T; ciy4daiiHag BeJuvnHa § MOXKeT IIPUHUMAThL Pa3Hble 3HaYeHHd —
Y1,Y2, . ... Jlormuno comocraBuTh x; cpejHee 3Tux sHadenuil. Takum obpasom
CTPOUTCS cmozacmuyeckan 3asucumocms f(x). Moxuo 3ammcars (moka — mpocTo
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opmasibHO)
E[¢ln] = f(n).

Venosnoe mamemamuueckoe odtcudarue — He YUCLO, A CAYUATHAA BEAUNUHA.
BaMeTuM Tellepb, UTO BBEJEHHAs HAMU BeJIUYUHa 00JIallaeT CJIe/1yIOoIuM
CBOMICTBOM:

VBe®B E[E(n)I(neB)] =E[¢-1(n € B)].

B camowm neie,
E[E (&n)I(n € B)] =

Y ) Phy=a)= > (Zyk P(gzykln:xﬁ) P(n= ;) =

j:xz;€B j:xz;EB k

D) u PE =y, n=1;) =E[¢-I(n € B)].

j: ZL’jGB k

Paccmorpum Tenepb abcosmoTHO HenpepbIBHBL ciydail. Ilycers €1 ~ pe (2, y),
e pey(,y) — MWIOTHOCTH COBMECTHOI'O PACIpE/IE/ICHHSL.

VB € Br: P((¢,n) € B) = [[ penlz,y)dedy,
i

+00

Py = / Pen(x,y) dedy.

—00

B sTom cityuae HeKoTopas 1TpobJieMa 3aKII0YaeTCsd B TOM, YTO IIPU abCOJFOTHO
HEeIPEPBIBHOM paclipe/jie/IeHn BEPOATHOCTD OIIACTh B KOHKPETHYIO TOUYKY pPaBHA
HYJII0, 1 He TOJIyUYUTCd TaK ITPOCTO 3allucaTh YCJIOBHYIO BEPOSATHOCTD:

P , = 0
P <z|n=y) = (§P<(n$:77y) y)=6=

BoszbMéM ToT 18 TPOU3BOJILHBIN £ > 0 1 paccMOTpUM

P <z, y<n<y+e)

PE<zly<n<y+e)= Py <n<yto

xr Yy+e

f f pfﬂ?(‘r: y) dydx

—00 ¥

e = {reopema o cpeanem, 7,9 € (y,y+¢)} =

[ py(y) dy

%)



€ f pg,n(ZL‘,Q>d$ L
— 00

>:/Md@“ Vr € R.
e—0 pn(y)

€ pn(@)

—00

[TomoxkuM 110 ompeie/IeHIIo

def Den(T,y)
pf\n=y($) = .

pn(y) .
Torna
Eléln=y| = /xpsmy(w) dr = /w%dﬂﬁ = f(v), (1.3)
E[¢ln] = f(n).

Venosrnoe mamootcudarnue E(f\n) — amo (bopeaesckasn) Pyrryus om 1.

3aMeTnuM, YTO 9Ta BEJIUINHA TAKXKe YIOBJIETBOPSET CBOHCTBY

VBeB E[E(¢|n)I(neB)] =E[¢-1(n € B)],

Tak Kak
B(E(¢ln) ) € B)) = E[f(0)1(r € B)) = [ Flo)my(y) dy =
B/ / x%dufc po(y) dy = B// 2 pey(x,y) dedy =E[€-1(n € B)].

Nrak, Mbl obOcyamym JBa YaCTHBIX cJjaydas MU yOeauauchb B TOM, YTO
obe paccMOTpPEHHbIE BEJIMYUHBI 00JIa1aI0T HEKOTOPBHIM OOIIMM CBOMCTBOM.
[lepeitiém Ternepb K Oojiee cTporomy, opMaJbHOMY OIEPEIeJIeHUI0 YCJIOBHOTO
MATEMaTHYeCKOr0 OXKUJIAHUSA U MOMMEM, 3aUeM Mbl YCTAHOBUJIA BBINIEOTUCAHHBII
daxkr.

Omnpenenenusi, TpuMepPbI

Pacemorpum  BepositHocTHOE mipoctpanctso (2, F,P). Ilycts A C F —
HEKOTOopasl o-1rojaaredpa o-aaredpol F.

Omnpenenenne. CiyuaitHass BeJMUnHa 1) Ha3bIBaeTCsd A-U3MepuMoii, ecjim J1ist
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VBe®B nl(B)ecA

Ompenesienne. Yeao6nvm — MAMEMAMUYECKUM — 0HCUGHUEM  CITYIaRHOI
BeJUIUHBl £ ommocumenvrno  o-aazebpu A HasbiBaeTca  ciydaiinas
Besnanna [E (£]A), Takas qro:

1. E(¢A) — A-usmepuma;
2. Jlnst moGoro coberruss C € A E[E (€]A)I(C)] = E[¢I(C)].

IMpumep. [lycrs Q = {1,2,3,4}, F =22 Pw)=1/4 maw =1,...,4.
[Tosozkum A = {@, {1,2},4{3, 4}, Q} Torpa A — o-anrebpa, u A C F.
[Iycrh coyvaiinas semnunna & umeer suj &(w) = w?, w =1,...,4. Torua

E(f‘A) _ {IQ.IP’((,U llw € {1,2}) +22'P(w:2‘w c {1’2})’ w=12

32 Plw=3we {3,4}) + 42 - P(w =4|w € {3,4}), w=3,4.

E@m{i

Oupenesnienne. o-anarebpa A Ha3bIBACTCS NOPOAHCOEHHOT CIyIaiiHON BEIIMINHOM 1),
ecn A= {n~'(B): B € B}. O6osnauaerca A = o(n).

OnpegesieHue. YcjIoBHOE MaTeMaTHIECKOe OXKUJIAHIE CIyUdaifHON BEeTMINHDBI &
OMHOCUMENLHO CAYHATHOT BEAUNUNDL T) — 9TO YCJIOBHOE MATEMATHICCKOE
oxuganne £ OTHOCUTETBLHO o-aaredpbl o(n):

E (¢|n) = E(¢lo(n)).

Takum obpazom, BesmanHbl 1.2 1 1.3 yI0BACTBOPSIOT ONPECICHUIO 1 SABJISTIOTCS
BoIpazkeHusMu i YMO B auckperHoMm m abCOIOTHO HEIMPEPLIBHOM CJIydae
COOTBETCTBEHHO.

IIpumep. Bo3zbMéM BEpOATHOCTHOE MPOCTPAHCTBO U3 MPEBLIIYIIETO TPUMEPA.
Paccmorpum crydaiinyio BeTMINHy

() 0, w=1,2
W) =
7 1, w=34.
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Jlerko mpoBeputhb, uto o(n) = A u3 npenbayiiero npumMepa. Taknm ob6pazom,
COBIIAJIET U YCJIOBHOE MATEMaTUIECKOe OXKUIaHue:

5 —=1.2
]E(fln)—{§£ v=1

DR w:3,4

CBoiicTBa YCJIOBHOTI'O MAaTeMaTU4Y€eCKOIro O2KmnuJaHusd.

1. Veaosroe mamemamumeckoe oxcudarue AUHETHO:
E(a& + b¢|A) = aE(£]A) + bE(C|A).
2. Ecau ¢ — A-usmepumasn cay4atinas eAuMUuMa, mo

E(¢-ClA) =¢-E(£A).

B wacmmocmu, ecau Ml PACCMOMPUM  YCAOGHOE MAMEMATNUYECKOE
001CUDAHUE OMHOCUMENLHO CAYHATHOT seaununbt 1), u nosodtcum ¢ = f(n),
ede f(x) — bopeaesckan dynryus, mo

E(&-¢ln)=¢-En).

3. Ecau E|g(§,n)| < 00, Mo

Eg(&n) =E [E(g(ﬁ,y)\n)‘ ]

y=1
4. Ecau & u n nesasucumo, mo E(&|n) =EE.

5. Baamue mamemamuyeckozo 0ocudanus «Youpaems Yciosue:

E[E(¢A)] =E¢

C I[IOMOIIbIO YCJIOBHOI'O MaTEMAaTHUYI€CKOI'O O2KHMAaHNA MOXKHO BBECTH YCJIOBHYIO
BEPOATHOCTL OTHOCHUTEJILHO a-aﬂre6pb1:

P(B|A) £ E(I(B)]A).
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MareMaTnueckKkass CTATUCTUKA

2.1 Craructuvdeckass ctpykrypa. Bbidopka. Crarucruka.
IlopaakoBble cratuctTuku. BapualimoHHbIT — psi.
dMnupndeckKas (pyHKIMs paciipeiesieHus

Onpegnenenune. Cmamucmuveckas cmpykmypa — coBokyHOCTb (R" B™ Py),
rie R"™ — BeibopouHOe mpocTpaHcTBO, B" — OopeseBckas o-ajarebpa wa R, Py —
ceMeficTBO pacipeie/ieHnil, omnpeesIEHHbIX Ha B", mapaMeTpru30BaHHOe OJIHO- W
MHOTOMEPHBIM IHCIOBBIM mapamerpoMm: Py = (P0: 0 € © C R™).

Onpenenenne. Buobopra X = (Xl, e ,Xn) obbéMa n — HAbOp U3 N
HE3aBUCHMBIX 1 OJIHAKOBO PACIIPE/ICJICHHBIX CIyYIaillHbIX BEJINYHH', MMEIOMINX
TaKoe Ke pacipejie/ienne, Kak 1 HabJrogaeMas ciaydaiinas Bejndnna &.

o Toro, Kax SKCIIEPUMEHT IIPOBEJIEH, BHIDOPKa — HAOOD CJIyUYaiiHbIX BEJIMYNH,
nocje — HabOP YNCEesT U3 MHOYKECTBA BO3MOYKHBIX 3HAUEHUIT CIIyIaitHO BeJTNINHBL.
Yucosoit Habop € = (x1, ..., T,) OyIeM HA3BIBATD PEAAU3AUUET GOIOOPKU.

3amedanune. CraTucrudyeckasi CTPYKTypa OYEHb IIOXOyKa Ha MHOTOMEpPHOE
urdyuyuposarroe sepoammocmmoe npocmparcmseo. OTandne 3aK/IH09IaeTCsI B TOM,
9TO €CJM paHee Mbl HCIOJIB30BAJN paclpejeseHne JINIIb OJHON CJIyYailHOoi
BeJIMIUHBI £, TO 3/eCh UCHOIB3yeTcs 1esioe cemeiictBo. [louemy? Jlemo B TowM,
YTO MBI €I¢ He 3HaeM, KAaKOBbI TapaMeTPhl UCCJIEYEMOI0 PacIIpe/leeHns . 3a/1aua
MaTeMaTIIecKOl CTATUCTUKHN KaK Pa3 M 3aKJI09aeTcsd B TOM, 9TOOBI WX HalTH,
OCHOBBIBasIChH Ha HAOJIOJEHNAX — pean3aliaX BIOOPOK.

OTMeTuM Tak:Ke TO, 9TO B Pa3/IMYHbIX UCTOUYHUKAX Py MOKET Ha3bIBATHCH
CEeMENCTBOM  BEPOAMHOCMMHBIT MEP. DTO TOXKE BEPHO, HO MOXKET BHECTU
IIYTAHUILY — paclipe/eseHne CJIyIailHoil BeJIMINHbI JICICTBUTE/ILHO SABJISETCS MEpPOi,
orpeiesIEHHOI Ha OopeseBckoil o-aaredpe. O1HaKO BEpOATHOCTHAST Mepa, BOOOIIe
IOBOP#, He CBA3aHa HU ¢ KaKOI CJIydaiiHON BeJIMYMHOI — 9TO MPOCTO 0TOOpazKeHHe
13 HEKOTOPOil o-aaredbpbl COOBITUIT B BEIIECTBEHHDBIE UNC/IA, YAOBIETBOPAIOINIEE
aKCHOMaM HEOTPUIATEJIbHOCTH, OIPAHUYCHHOCTU U CYETHON aIIUTUBHOCTHU.
A pacnpejniesienne CaydaiiHON BeJIMYMHBI — 9TO KOMIIO3UIINs Ipoodpas3a u
BeposTHOCTHOM Mephl: Pr = Pof ™. T.e. pacnpesenenne copep:KuT nuopMaImio o
KOHKPETHOI C/TydaiiHoil BeTMInHe, ¢ HEKOTOPBIMI (PUKCUPOBAHHBIMUI TTApaAMETPAMH.
IMenno mosToMy MbI HCHOJIB3YEM CeMelcTBO pacipejesiennii. Ham #e Hy»KHO MHOTO

'Boobmme TroBopsi, B IPIJIOXKEHHAX BO3HUKAIOT TAKyKe BLIOODKH, COCTOSIINE M3 3aBUCHMBIX LI
Pa3HOPACIIPEJIEJIEHHBIX 3JIEMEHTOB, HO U3y4YeHNEe UX CBOWCTB HE BXOJUT B 3TOT KyPC.
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BEPOSITHOCTHBIX MeP — HaM HY»KHO MHOI'O pacIpeje/eHnil ¢ pa3sHbIMU HabOpaMu
IapaMeTpOB.

Curemyer oOpaTuTh BHUMaHUE Ha TO, UTO IOCKOJIBKY pacipeje/eHre 3aBUCUT
OT mapamMerpa #, To or Hero OyJyT 3aBUCETb W MaTeMaTUYECKOe OXKUIaHUe,
U JUCIIEPCHUd, U IIPOYNE YNCJIOBbIE XapPaKTEePUCTUKHN HAJIOJLACMOIN CJIYYailHOI
BesIMIMHBI. Hampumep, A1 «decTHOiT» MOHETKH MaTeMaTudecKoe oxKuganme mpu 10
110JI0paChIBAHUSIX JIOJIZKHO OBITH paBHO b, a jucnepcusd — npq = 10 - % . % = 2.5. Ho
B cJlydae aCUMMETPUYHON MOHETKHU C BEPOsITHOCTHIO BBINTAJIEHUS «PEITKN», paBHOM
0.7, MmaTemaTuuecKoe oxKujaHue OyaeT paBHO 7, a guctepcus — 2.1. IlosTomy
JIyUIIle sIBHO YKa3bIBaTh 3aBUCUMOCTL OT IapaMeTpa u nucath Py, Ky, Dy.

Omnpenenenue. C'mamucmuka WK ouenka — U3MepuMasi (DYHKINs OT BBIOOPKI,
He 3aBHCSIAA OT JIFOOBIX JPYTUX IapaMeTpoB. Yalme Bcero CraTuCTHUKN
HCIIOJIB3YIOTCS [IJIs1 TIOMCKA HEM3BECTHOIO IapaMerpa pacipeaeneHns 6 m mveror

Buag 1: R" — O.

Omnpenenenne. Bapuayuonnviii pad — nabop ciydaiinbix Bemuann X q), ..., X(,),
KOTOPBIN IOJIydaeTcsd IpU yHOPS09eHn BBIOOpKH X = (Xl, e ,Xn) 110
BO3PACTAHMIO HA KaXKJOM 3JIEMEHTAPHOM HCXOJIE.

Xpw) = mn(Xij(w),...,Xn(w)) — munumarvras nopadrosas
cmamucmura, Xy(w) = max(X;(w),...,X,(w)) — coorBercTBEHHO,
MAKCUMANDHAA. DIIeMEHT X (i) — k-A nopadko6as cmamucmuxa.

3ameganne. CoryiacHo HaIEMy OIPEJICICHUIO, BAPUAITMOHHBIN P He ABAACNCA
6b00pKot, XOTd Obl TOTOMY, YTO Pas3Hble IMOPSJIKOBbIE CTATHUCTUKN, KakK
MBI BCKOpe yOeauMcsi, UMeOT pasHoe pacipejesaerne. OIHAKO OH SIBJISAETCH
crarucTukoit T': R™ — R™, Tak Kak 3aBHCHT TOJLKO OT BbIOOpKnN'. ITopsaaKoBbie
CTATUCTUKN TOYKE YJIOBJIETBOPSIOT OIPEJIEJICHUIO CTATUCTUKN, HO SIBJIAIOTCS YIKe
orobpazkennsamu n3 R" B R.

Omnpenenenne. Imnupuveckas GYHKUUA pacnpedesenus, ITOCTPOEHHAsT 110
BbIOOpKE X1, ..., X, oO0béMa n, — ciaydaiinas gynknns F:

*k 1 -
Fiy)=—> lI(X;<y) VyeR
=1

DMmuuprdeckast (PyHKINS pacipeie/eHns CTPOUTC 110 BAPUAIMOHHOMY PSLIY
CJIEJIYIOIIIM 00pa30M:

0, y< Xy
Fo(y) =1 k/n, Xgy <y < X
1, y > X(n)

'Koneuno, ¢gpopMaabHO emé HeOOXOIUMO IIPOBEPUTH HA H3MEPUMOCTH (YHKIMIO, OCYIIECTBIISIONLYIO
repeynopsiioueHue
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IIpumep. Haiiném svmupudeckne (GQYHKIUN paclpeeseHnsd s KpaiHux
[OPSIJIKOBBIX CTATUCTUK.

F(l)(:L‘) :I%(X(l) < CC) =1 —PQ(X(:[) = :1:) =1 —Pg(l’l = Ty..o., Ty = ZL‘) =

n

—1—[[Po(wi = 2) = 1= (By(z1 2 2))" = 1= (1= Fy(x))"
Fiy(z) =Py(X( <z) =Py(z1 < z,...,2, <) =

= H]P)g(ﬁlfi <z) = (Py(z1 < 2))" = (Fy(x))"

CsoiicTBa aMnupuviecKoit GyHKIINN paciipeiesIeHus .

1. Ilyemo (X1,...,X,) — ewbopka us cemeticmea pacnpedeaenuii Py c
Pynryuet pacnpedenenus Fy u nyemov F) — omnupuveckas pynxyus
pacnpedenenus, nocmpoentas no amoti ewbopke. Tozda F(y) —— Fy(y)

n—oo

das awbozo y € R u Vo € 0.
2. Jlaa mobozo y € R u 06020 0 € O:

1) By Fl(y) = Fy(y), m.e. EX(y) — neemewénnan oyernra dan Fy(y).
B -FHy) 1

n S odn
3) Iycmw o*(y) = (1 — Fy(y)) Fo(y). Tozda

2) Dy I (y) =

V(B () = Fyly)) —— Nogag),

n—oo

m.e. F¥(y) — acumnmomuuecku nopmasvrasn ouenra das Fp(y).

4) nk3(y) ~ Bin g -
5) Fily) ——= Fy(y)-

JlokazaTejabCcTBO.

L. Fi(y) = %;I(Xi < y), upn 9TOM ciydaiiabie Besmunubl [(X; < y),

(3
[(X5 < y),... HE3ABUCUMBI U OJINHAKOBO PACIIPEJIEJICHBI, UX MATEMATHIECKOe
OKHJIaHIE KOHETHO:

EgI(X1 <y)=1-Pyp(X1 <y)+0-Py(X1 > y) =Py(X1 <y) = Fp(y) < o0
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CitetoBaTesibHO, MOXKHO ipuMeHnTh 3BY B hopme Xununna:

n

> 1(Xi <)
Fr(y) = = P LBy I(Xy <) = Fy(y) V6 eo.

mn n—oo

2. 3aMeTuM:

(X, <y) ~Biy gy = E (X1 <y) = Fp(y),
DyI(X: < y) = Fy(y)(1 — Fyly)) Vo€ e.

1) Cuyuaiinbie Besmanabt [(X; < y) 0JMHAKOBO PACIIPEIEIEHDI, TI09TOMY:

n

S I(X; < y) iEel(Xi <) nEyI(Xy < y)

Eo Fi(y) = Ep = =

n n n

= Fy(y)

2) Cayuaitabie Bemmuanasl [(X; < y) He3aBUCHMBI U OJNHAKOBO
pacIpe/ie/ieHbl, TTO9TOMY:

n

SI(X; < y) iDeI(Xi <)

Dy Fi(y) = Dy = = =
o I, (y) = Dy - .

_ nDeI(Xy <y)  Fyly)(1 - Foly))

n? n

Buavenns Fy(y) npunajiexar orpesky [0, 1], a 3HaUUT, mponsse/eHme

1 1

1
Fa(y)(l —Fe(y)) < 3 1— 3] =1 (HeTpyHO yOemThes, uro 1/2 —

Touka MakcuMmyMa). A suadnt, Dy F)F < .
n

3. Ilpumennm IIIIT:

V() — Faly)) = Vi ( LIti<y) Fa<y>) -

S I(X < y) — nFy(y) : I(X; < y) — nEy (X, < y)

_ =l _ =l d |
\/ﬁ \/ﬁ n—)oo/
d
—>n_>oo NO,]D)gI(X1<y) = NO,(l—Fe(y))Fe(y) :
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4. Cnemyer u3  YCTOHYMBOCTH 10  CYMMHPOBAHUIO — OMHOMUAJILHOTO
pactpegesenus. [Tockombky 1 (X; < y) He3aBuCHMBI 1 IMEIOT OGUHOMHATBHOE
pacnpegenenne Bij g,(,), To IX cymMa

nF,(y)=1(X1<y)+...+1(X, <y)
nMeer GHHOMHIANILHOE pactpeserenue Bi, g, ().

5. Beibepem mpomssosbhbiit y € R. & = I(X; < y) nesaBucuMmbl,
onuHakoBO pacmpegenensl u JEg& = Fy(y). Torma moxknO
IPUMEHNTL YCUJICHHBINH 3aKoH Gosbmmx uncesn B ¢opme Kosmoroposa:

n
Py (hm 15 ¢ = Fg(g)) =1V € O, aro sB/sIeTCS HEOCPEICTBEHHBIM
n—o0 :
=1
ONpEJIeJIEHIEM CXOJNMOCTH IMIINPUIECKOi (DYHKIINE PACTIPE/IeIeHUsT TIOUTH

HaBEPHOE K TGOpeTquCKOﬁ.

2.2 ToueuHnas onenka. HecMeniéHHOCTb, COCTOSITEJIbHOCTD,
ONTUMAJIbHOCTb. Teopema o €INHCTBEHHOCTH
ONITUMAJIbHON ONEHKN

Onpegaesienne. Cmamucmuka uwin oyerra T(X) — usmepumast QyHKIUsT OT
BBIOODK.

Onpegnesienne. Hecmewénnas oyernra napamerpa 6 — crarucruka T'(X), 1.4,
Vo € O: E@T(X) =0.

O6osnaunm T,(X) = T(X), 9T00bI IOJIEPKHYTH 3aBUCUMOCTH OT 00bEMa
BBIOODKH.

Onpenenenne. AcumMnmomuvecky HECMEWEHNGA OUeHKa TapameTpa 6 —
craructuka 1,(X), n4. V0 € ©: EyT,(X) — 6.

n—oo

Omnpenenenne. Cocmoameavhas oyenka napamerpa § — crarucruka T, (X), T.4.
p
Ve o: T,(X)—— 0.
n—oo

OreHKN Takzke MOTYT BBOJIUTHCs U Jiyist byHkuuit 7(0) mapamerpa 6, s Hux
BCE BBIIIEYKA3aHHbBIE OIPEJICJICHIST BBOJISITCS aHAJIOITIHO.

HecMmeménnocTh 03Ha4YaeT OTCYTCTBUE OIMUOKH <«B CpEJIHEM», T. €. Ipu
CHUCTEMATUICCKOM HCIIOIB30BAHUN JlaHHOI orenku. HecmernénnocTs siBiisieTcs
JKeJaTe/IbHbIM, HO He 00sd3aTe/bHbIM CBOMCTBOM oOIeHOK. JlocTtaTodHo,
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9TOOBI  CMEIeHUe OIEeHKN (pasHuia MeXKJIy €6 CpPeJIHHM 3HAYeHHEeM U
HCTUHHBIM [IAPAMETPOM) YMEHBINAJIOCH ¢ POCTOM 00béMa BbIOOpKH. [loaromy
ACUMIITOTHIECKasi HECMEIIEHHOCTD SABJISIETCsT BEChbMa KeJIaTeJIbHbIM CBOHCTBOM
OIIEHOK.

CBOIICTBO COCTOATETLHOCTH O3HAYAET, UTO IOCTEI0BATE/THLHOCTD OIEHOK
npuoOIMKaeTcd K HEU3BECTHOMY IapaMeTpy TpH  YBEJIUYEHUH KOJMIECTBA
nab/oennit.  BermoMHuM - onipejiesieHre  CXOAUMOCTH 1O BEPOSITHOCTH:

Pg(}Tn(X) — 9‘ > 5) —— 0 Ve > 0. MbI MmoxkeM 3a(UKCHPOBATH HEKOTOPDIIt

n—00
€9 — AOIIYyCTUMYIO IIOI'PEIIHOCTD, U HaliTu Takoe N, 9TO yKa3aHHad BEPOATHOCTDb

oyner masa — wanpumep, 0.01. Torga suadenne onenkn 7,,(X) ¢ BEposiTHOCTHIO
0.99 oTkJIOHSIETCSI OT UCTUHHOTO 3HAUEHUS He OoJiee 4eM Ha, €.

B orcyTeTBre 3T0r0 ¢BOiCTBA CTATUCTUKA COBEPIICHHO <HECOCTOSTEILHAY KaK
OLICHKA..

3amevanue. OTMeTUM HEKOTOPhIE CBOMCTBA HECMEIIEHHBIX U COCTOSITE/IbLHBIX
OIICHOK.

1. Hecmemnénnble onleHKN He €JIMHCTBEHHDI.

K npumepy, B KadecTBe HECMENMIEHHON OIEHKM /I MaTeMaTHIecKOro
oxkuganus Ky X moryr Boicrynarh Ky Xq man Ey X.

2. Hecwmeménnbie oeHKN MOTYT HeE CYIIECTBOBATD.

IIpumep. /lano pacupenenenune Poisy, HaJ KOTOPBIM ITPOU3BEIEHO OJHO

nabsioierre. Haiitu HecMmernénnyo ornenky st dbysxiun 7(60) = —.

0

Ey T(X) = 7(0)

- o 1
—0
=0
o0 k
91+1 0 0 9
ZT(x)T—e , HO € :Z—' —
=0 k=0
1
T(x) = 7 Ve €{0,1,2,3,...}

Mer mostyansu, aro dbyskiws 1'(x) 3aBucut or ¢, HO TOryIa OHA HE MOYKET
OBITh CTATHCTUKOI — BeJIb CTATUCTUKA JIOJI2KHA 3aBHCETH TOJIHKO OT BHIOOPKI.

3. Hecwmerénnblie olleHKN MOTYT CYIIECTBOBATbH, HO ObITh O€CCMBICIEHHBIMI.
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IIpumep. /lano reomerpudeckoe paciipejesenne (Geom_g ¢ BEPOATHOCTHIO
0

yerexa 1 — 6, HaJ KOTOPBIM IIPOU3BEIEHO OJHO Hab/mogeHne. Haiiru

HECMEIIEHHYIO OIEHKY J1JIsl TTapameTpa 6.

B, T(X) = 0

D T -0 =0

=0
> T()er = & =y =
=0 k=1

0, ecmx=0

1, ecmax>1

SHavYeHMA 9TON CTATUCTUKU HE MPUHAICKAT MapaMeTPUIeCKOMY MHOXKECTBY
© = (0, 1), ciegoBaTe/IbHO, ITa OIEHKA OECCMBIC/ICHHA.

4. CocrosgTeabHble OLlCHKN He ¢JMHCTBCHHDI.

Kak Oyjer 1okasaHo B cjejyioiieM mnaparpade, BbIOOpOUHAas JUCIIePCHUs
S? 11 HecMeIEHHAS BEIOOPOUHAS JANUCIEPCHS Sg SABJISIIOTCS COCTOSTE/IbHBIMU
OlleHKaMM TeOPETUYEeCKOIl JIUCIIePCUn.

5. CocrosiTesibHbIE OIIEHKU MOTYT OBITH CMEIIEHHBIMU.

Hampumep, BeIOOpoUHAS JUCTIEPCUS ABJISIETCA COCTOATETHHOM, HO CMEIEHHOM
OIIEHKOII TEOPETUYECKOIl JINCIIEPCUN.

Kak Mbl yBHJIe/IM, HECMEIEHHBIE U COCTOATEIbLHBIC OIeHKN He €JIMHCTBeHHDI.
BosHuKaeT BOIpoc — KaK OIPeJIe/INTh, KaKasd U3 HECKOJbLKIX NMEIONINXCA OIECHOK
Jydiie?

Pacemorpum  necmeménnbie onenku 1T(X) napamerpa 6, i KOTOPbBIX
cyllecTByer aucrepcus: Eg (T (X) — (9)2 = Dy T(X). Obo3HAUUM KJIACC BCEX
Takux oneHok 7. Torja MOKHO OlleHnBaTh TOYHOCTE OICHOK Jjincrepcueii. Ecin
T, T €T ubDyT* <DyT VO €O, romnoT* pashomepro (no 6) ne xyoce T.

BpeéMm nonaTHe onTUMAaJbLHOIN OIeHKI.

Omnpegenenue. Onmumarvhas oyernka napamerpa f — crarucruka T%(X), 1.
1. T* € T, re. T™ — HecMenéHHas.

2. T uMmeeT paBHOMEPHO MUHUMAJILHYIO JUCIEPCUIO, T.€. JJIsd JTI0OOM ApyToil
HecmemniéHHoii onenkn 1 € T mapamerpa 0: Dy T* <DyT; VO € O.
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YT1BepkaeHue. Ecau cywecmsyem onmumaivhas ouenka napamempa 6, mo
ona eduncmeenna.

HokazarenbcTBo. Ilpenmnosioxkum  obpaTHoe: TYCTh CYIIECTBYIOT JIBE
ontumasibibie orneHkn 11(X) u T5(X) mnapamerpa 6. Torma B cmiy wux
wecmeréHHocT: By T1(X) = Ey To(X) = T(X), a B cujty TOro, 9To OHE UMEIOT
paBHOMepHO MuHHMasbHYIO fquctepcnio: Dy 71 (X) = Dy T3(X) Vo € O.

Beeém HOBYIO CTATUCTUKY:

Th(X) + T5(X)
2

T3(X) =

EpT1(X) +Ep To(X
Tak kak EyT3(X) = 0 T1(X) i 0 To(X) = 0, to T3(X) — Hecmerménnas

OlleHKa 1apamerpa 6.
Nmeem Takzxke:
Dy (T1(X) + To(X)) Dy Ta(X) + Dy To(X) + 2 cov (T1(X) To(X))
22 N 4

Dy T5(X) =

[To cBoiicTBam KoBapunun | cov(€,n)| < +/Dpé Dyn, a 3naunt

Dy T1(X) + Dy To(X) + 24/Dy T1(X) /Dy T (X)
4

Dy T3(X) < = Dy Ty (X)

B cuy Toro, ato T1(X) un T5(X) — onrumasbhbie, muctepens 13(X) ne Mozker
obITH MenbIie jucnepenn 17 (X), cieoBaTebHO, HEPABEHCTBO JIOJIZKHO 00PATHTHCS
B PaBEHCTBO, HO TOT/IA

Tl(X) :CLTQ(X)+b — Eng(X) ZGEQTQ(X)+b <
— 0=al+0V0 €O — a=1,0=0

2.3 Bnidbopouynbie moMmeHThI. IX cBoiicTBa

B naparpade 2.1 MbI IpeJIIOM0KUIN, YTO BCE CIyUIaliHble BeJTNINHBI BHIOOPKH
X = (Xl, . ,Xn) UMEIOT OJIHO U TO Ke pacipejeienne, T.e. X; ~ & Vi = 1,n s
HEKOTOPOIT ciydaitnoit Bequunnnl €. [Tompodyem naiiTu npnbIMKenns HEKOTOPHIX
YHCJIOBBIX XapaKTePUCTUK ITON CJIydailHON BEJIMYNHDI.
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OHpe,HeJIeHI/Ie. Bbt60p0’%H06 MATNEMATNIUYECKOE oofcuﬁcmue:
Egzz;ﬁxi - Ez;Xi =X
1= 1=

Bribopounoe maroxuganue dbysximn g(&):

Onpegenenue. Bubopounas ducnepcus:

n

Dé = 2%(& SR’ =Y (% -X)’ =5

i=1
Omnpenenenue. Hecmewénnan evibopounas ducnepcus:

n

s 1 2 N
So_n—lzZZ;(Xl X) _n—ls

Onpenenenue. Bubopounvili momenm k-20 nopadka.

Ble] -3 ix - iy o %
=1 1=1

Bce  BbIeniepevync/ieHHbIE  XapaKTEPUCTUKKN — ABJIAIOTCHA  CJIyYaliHBIMU
BeJINUNHAMU KaK (PYHKIMKI OT BBHIOOPKH (Xl, . ,Xn) 1 OIleHKAMU JIJIsT UCTUHHBIX
MOMEHTOB HCKOMOI'O PacIpeIeIeHNus.

BsenéMm emé ojHO omnpeieeHne.

Omnpenesienne. Crarucruka T'(X) HA3bIBACTCS GCUMNMOMUYECKU HOPMAAOHOT,
Th(X) —an(0) 4

on(0) n—
CJIOBaMM, OIleHKa HA3BIBAETCS ACUMIITOTHYECKN HOPMAJIBbHOI, €CJI ¢ POCTOM 00bEMA
BBIOOPKHU eé yHKINs pactpejienenns (orenka, oyayan (byHKImei 0T BEIOOPKH,
caMa dBJILETCs CJIydaliHO Be.)quHoﬁ) CTPEMUTCH K (PYHKINH HOPMAJJIHLHOIO

ecJIn CyMeCcTBYIOT Takue ay,(6),0,(0), aro > No1. Uabivm
o0

pacipe/iesieHus.

YrBepxkKaeaue. Buvibopounoe  cpednee X asasemca  HeCMew,EHHOU,
COCMOAMENOHOT U ACUMNMOMUYECKY, HOPMAALHOTL 0UEHKOT 04 MeoPemu1ecko2o
CPETHERD (MAMEMAMUNECKO20 0XHCUDAHUA), TRO ECTb:

1. Ecau By |X;| < 00, moEg X = Ey X; = a;
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2. Ecau Eg | Xq| < o0, mo X —— Ep X = a;

n—oo
3. Feau Dy Xy < o0, Dy X1 7é 0,
X -Ey X X -Ey X
mo ———— — \/n 4 Ny
VD X VDy Xy n—eo
JlokazaTeabCcTBO.

1. W3 suueiinocTnn MareMaTn4ecKoro OZKU TaHMd:

— 1 1
Ey X = —(EgXl—l—...—l—]Ean) =—-nEy X;i =EypXq =a.
n n

2. Iz 3BY B dopme Xunumna:

. Xi+...+X,
X =21 P \E, X, = a.

n n—oo

3. Packpoem mucrnepcuio cyMMBbI, MOJIb3YSCh TeM, 9TO X1, ... X, HE3aBUCUMBbI
1 OJIMHAKOBO PacIpejiesieHbl, a 3aTeM JIOMHOKUM YUCJUTEb U 3HAMEHATE b
Ha n. Torna moxkHo OyaeT npumenuTs LITTT:

(X-EX) (X-EX) (X-EX)

A hligx

(X — ]EeXl)_ =T i=1

JERDX: L /IDyx Vs &

X, —nEy Xy S X —nEy X,

\/Eizl _ =1 d N N0’1
TL\/]D@ X1 Va1 ]D)9 Xl n—00

|
3
|

3amedanue. AHaJOIMIHBIMU CBOMCTBAMHU 00J1a1a€T BHIOOPOUHBIN k-1 MOMEHT,
ABJISIONNTICS HECMEINIEHHOM, COCTOATE/LHON M acUMITOTUYECKU HOPMAJILHOI
OIIEHKOI JIJIT TeOpPEeTUIecKoro k-ro MOMEHTA.

3ameuanue. [Ipuvenus Y3bY Kosivoroposa, MOXKHO MOKa3aTh, YTO BLIOOPOUHBIE
k-e MOMEHTBI CXOJSATCS K TEOPETUIECKUM TIOYTH HaBepHoe. Takue OIeHKH
HA3LIBAIOTCS CUADHO cocmoamesvhowmu. Ha mpakTuke OOBIMHO JOCTATOYHO U
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COCTOSITEILHOCTI B OOBITHOM CMBICJIE (T.e. CXOJUMOCTHU K TEOPETUICCKOMY MOMEHTY

10 BEPOSITHOCTHU € POCTOM OOBbEMa BBIOOPKH).

YrBepxkaenne. [lycmo Dy X1 < oo.

1. Buwibopounwvie ducnepcuu S* u SE AGAAIOMCA COCOATENDHVMU OUEHKAMU

NS UCTNUHHOT QUCTEPCUL:

2 LoDy X, =0% SPLoDyX, =0 VHcO.

n—oo n—oo

2. 5% — cmewénnan ouenxa ducnepcuu, a S§ —— HeCMEUEHHAA:

1 1
EQSQ:nn DgXlznn ot 4o EgS2=DyX, =0 VOcoO.

2
3. Fcau 0 +# ]Dg[(Xl — EgXl)} < oo, mo S%* u S? acamomcs
ACUMNMOMUYECKY, HOPMAALHBMU OUEHKAMU UCTNUHHOT UCTEePCUL.:

2 d
Vn (87 =Dy Xy) —— No,me(xl_m:exl)z V6 € ©.

JlokazaTeabCcTBO.

1 o 5 1 .
1L S2=-y (X;i-X)" = —z(xf XX + (X)2> -
=1 ni=1
1, = N —— e g =
—(nX7 - 2X Y X+ 0 (X)) = X7 2(X)" + (X) = X7 - (X)”
n i=1
MCHOJH)SyH COCTOATEJIbHOCTD IIEPBOI'O 1 BTOPOT'O BI)I60quHbIX MOMEHTOB
CBOICTBA CXOJMNMOCTHU II0 BEPOATHOCTH, IIOJIyHacCM:
§2=X? — (X)? L5 By X? — (By X)) = o
n—oo

n

— 1 = S} =
n — 1 n—o 0 n—1

2. Hcronb3yst HeCMENEHHOCTD TIEPBOI'O0 U BTOPOI'0 BHIOOPOUYHBIX MOMEHTOB:
By S? =By (X7 (X)?) = By X7 — By(X)" = By X} - By(X)” =

— — 1 &
=Ey X7 — ((EQX)2+D9X) — g X? — (Bg X;)° — Dy <ﬁ§ :Xi) =
1=1
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1 2 —1
g7

=Dy X; — ( ZX) o? ——n]DgXl o2 - -

OTKya ciemyer:
£ Sg = i ] = o2
3. Beném coyuaitnbie Bemuunnnl Y; = X; —a; Eg Y, =0, Dy Y] =Dy Xq = o2
1 o —y 1 —
5t =— ;(XZ -Xp=- ;(Xi —a—(X—a)?=Y2- (V)"
Vils? = o) = V(Y= (V)" = %) = (V2 =B ¥) = vi(V) =
SV - nEY?
= = Jn -Y-/nY m NO]D)Q(Xl Ep X, )5
SV —nEg VP

II0CKOJIbKY ~— NG njoo, Nop, vz mo HIIT, a Y- /nY m 0
KaK MPON3BEICHIE TI0CIe0BaATeILHOCTEH Y m OunY —> No.p, x, -
|

2.4 @yukius mpaBaonogobms. /JloctaTrodHble CTATUCTUKNA
IIOJIHbIe cTaTuCTuKN. Teopema paxkTopu3samun

B 3aBucumocTu or tuma cemeiicta pactpejesenusi Py obosuauum depes fy(y)

OJINY U3 CJIEYIOMNX (PYHKITUIL:
ecan Py abCOJIIOTHO HENPEPBIBHO,

IOTHOCTD f3(Yy),
ecaun Py MUCKPETHO.

folw) = { Py (X1 =y),

Onpenenenune. Qynruyus npasdonodobus BLIOOPKH X

Xn) — H f9 (Xz
=1

L(X,0) = fo (X1) - fo (Xa) -

70



B jmckperHoM citydae (DyHKIINS MPaBIONOI00Ud TPUHIMAET BU/I:

L(X,0) = | [ folwi) =Po(Xy = 21) - ... - Py( Xy, = @) =
=1
= Pg(Xl = T1,... 7Xn = ZL’n)

3amedanue. DOyHKIMs [PABIONOA00US 3aBUCUT OT BbIOOPKH X U OT
napamerpa 6. Eciu Mbl 3adukcupyeM HeKoTOpoe By, TO MOJIYUNM BEPOSITHOCTHYIO
Mepy HaJl BbIOOPOYHBIM MpocTpaHcTBoM R". Tornma 3Havenme QyHKIUN
npasononodust  L(x,0y) Ha HEKOTOpOH peaqn3anun BBIOODKH T — 9TO
BEPOSTHOCTL TON pean3allii B MPEIIOJI0KEHNN, 9TO apaMerp 0y — UCTUHHOEe

3HaUYCHHUE.
Ecmm ke ™Mbl HampotuB,  3adUKCHPYeM  HEKOTOPYIO — PEAJTH3AIIIO
BRIOOpKN  X* = (z7,...,2}) (9ITO COOTBETCTBYET pPEATBHBIM YCJIOBHAM —

KaK [PaBIJIO, Y HAC €CTh HEKOTOpble HaOJOJEHHsI, a [MapaMeTp HEeM3BeCTeH ),
TO 3HavYeHue (QYHKIMU I[IPaBJONO00Usl Ha HEKOTOPOM Iapamerpe 6 — 310
«ITPABJIOIOI00NE», «BEPOSITHOCTL» 3TOro napamerpa. Ho, cTporo roBops, npu
ukcrpoBanHoil peasm3aiyu BeIOOpKH ¥ byHKINs mpasgonogobust L(x*, 0) ue
SIBJISIETCsI BEPOSITHOCTHOM Mepoit Ha i ©. PacemoTpum mpumep.

ITpumep. [Ipu aByx 1ocieoBaTe/IbHBIX HE3ABUCUMBIX 110/I0PACHIBAHIAX MOHETKIH
BBIITAJIO JIBa <«OpJiay. 3amnuiieM (QYHKINWIO IPaBIONOL00usT BBIOOPKH X =
(Xl, Xg), X; € {0, 1}. O603Ha 1M BEPOSITHOCTD BBITIAJIEHUST <OPJIa» (P@(XZ' = 1))
3a 0, 6 €0, 1]. Torma

L(X, H) = ]Pg(Xl = Qfl) . ]P)Q(XQ = 5(32).

st 1r060r0 (PUKCHPOBAHHHOTO 3HAUYEHUS apamMeTpa Gy QyHKIS IpaBIono100ust
L(X, 0y) siBsiercs dbyukmueit coBmectHoro pacrupesenenns (X, Xo):

X1 =1 X1 =0
Xo=1| @ | (1—0)0
Xo =0 Op(1—0o) | (1—0)

1 1

SN L) = 3 ST PO(X = 1) - POy(Xs = 25) =

:C1:0 1'2:0 LUl:O (EQZO

— 02+ (1 —6p)0 + 0o (1 — 0y) + (1 — 6p)* = 62 + 26 — 202 + (1 — 20, + 62) = 1.

Ho ecsmm mbr 3adbukcnpyem peasmsanuio Boibopku ¥ = (2] = 1,25 = 1) n
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npounTerpupyem mo © = [0, 1], To nosyuum

1 1 1
3
/L(X*,e) df = /IP>9()(1 =1) - Po(Xo=1)df = /92d9: %
0 0 0

b

0 3

Beixoaut, aro L(x*,0) He MoKeT OBITH BEPOSITHOCTHON MepOii, Tak Kak
uHTerpaJs 1mo © He pabeH 1.

Onpegnesnienne. Jlocmamounas cmamucmuka — cratuctuka 1T'(X) Takast, 910
Vt € R™ ' VB € B" ycioBHOE pacrpejieeHne ]P)g((Xl, e ,Xn) € B|T = t)
He 3aBHUCUT OT Mapamerpa . Vubimu cioBamu, craructuka 1'(X) nasbiBaercs
nocrarounoit, ecimn BEo (X |T(X)) ne sasucur ot 6.

WnbiMu cioBaMu, IocTaToqHas CTATHCTUKA COAEPXKUT B cede BCIo NHGPOPMAIIIIO
0 mapameTpe, KOTOPYI0 MOXKHO U3BJIeYb U3 BHIOOPKHU.

JlocTaTouHast cTaTUCTUKA BCETjia CYIIECTBYET — HAIIPUMED, caMa BbIOOpPKa
X gBJISIeTCS JJOCTATOYHO craTncTukoii. OMHAKO 9TOT TPUBHAJIBHBIN IIpUMep He
oYeHb IoJie3eH. Kak mpaBmnio, Hac HHTEPeCyIoT JOCTATOUHbIE CTATUCTUKHI MaJIOi
pasMepHOCTH. [Jis1 TOro, YToObI POBEPUTD, ABJSETCs JIN CTATUCTUKA JIOCTATOYHOII,
MOXKHO HCII0JIb30BaTh KpUTEpUii (haKTOPU3alliu.

Kpurepuit dakropusaruu. T(X) — docmamounaa cmamucmuka <= eé
dynxuus npasdonodobus npedcmasuma 6 sude

L(Xi1,..., X0, 0) = g(T(X),0) - h(X)
Joka3zaTeabCcTBO. PaccMOTpUM TOTBKO JIMCKPETHBIN CIydaii.

—> Ilycrs T(X) — gocrarouHass craTucTuka. Bo3bMEM  MTPOM3BOJIBHYIO
peasmsaruio Beibopkn @ u oboznaunm t = T'(x). Torma

L(x,0) =Py(X =) =Py(X =2, T(X) = 1) =
= PoT(X) =) Po(X = 2| T(X) — 1)
g(TT)ﬁ) h&)

<= Ilyctp Tenepb yukus mnpapaonogobus wumeer Bug L(x,0) =
g(T(z),0)h(x). Torma, ecau x Takopo, uro T'(x) = t, To:

'Hamomumnm, 910 BOOGIIE TOBOPS, CTATHCTHKA — 3T0 oTobpaxkerne T'(X): R™ s R™
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2. g(t,0)h(z) 2. h@)

" T(x')=t " T(x')=t
T.e. BepogTHOCTD He 3aBucuT oT #, a 3uaqut, T'(X) gocTarodnas.

Onpenenenne. Crarncruka T(X) nHasbiBaeTcs noanol, ecam s JT060i
oopesiesckoit dyukiuu ¢(7T'), s koropoit Eg o(T) = 0 VO € O, ciipasenpo:
o(T) = 0.

IIpumep. Paccmorpum pasHomepHoe pacupejeerue Upgg U JIOKaZKeM, HYTO

craructuka T'(X) = X, asagerca nonmnoil. Hamommnaem, 9To IIOTHOCTDH
n—1

pactpegenns X,y a1 U[0, 0] - sro f(t) = I(0 <t <0).

9"

0 0
tn_l
Ey QO(X(n)) = /go(t)nen dt =0 = /cp(t)tnldt =0 =
0 0
{upomnddepennupyem 1o 6} = p(0)0" ' =0 = ¢(T) =0 VT >0

II.H.

Takum obpaszom, (T) = 0 npu T > 0, 1 yka3aHHasi CTATUCTUKA SIBJISICTCS
ITOJTHOIA.

2.5 HepasencrBo Pao—Kpamepa. 9ddeKkTuBHBbIE OIIEHKU

IIycre Xi,...,X,, — HekoTopasi BbIOOpKa ¢ (yHKIHUENR IpaBiIornogoous
L(X,0) orHOCHTENBLHO  HEKOTOpPOHl — Mepbl .  Bemém  yHKIWIO
00) = [ T(x)L(x,0)u(dx) < 0o, B jajbHefilieM cudras, 49TO  OHA

Rn

nnddepeHnupyemMa HeoOX0IMMOe IUCI0 pas.

Omnpegnesienne. Oynkiust npasjonoaobus L(X, 0) ydosasemsopaem ycaosusm
Pe2YAAPHOCNY ONA M- NPOU3EOOHOT, €CITU CYIIECTBYET

d"p(0) o
o= [ 1) (s,

Rﬂ,

npraéMm MEOKecTBO {x: L(x,6) > 0} He 3aBucut or mapamerpa 6.
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IIpumep. YcioBusiM  PeryJgpHOCTA  YJIOBJIETBOPAIOT ~ MHOTHE  MOJIEJIH:
OMHOMUAJIbHAS, IyaCCOHOBCKAas, HOpMaJibHasi, TaMMa-pacipejesieane (a
CJIEIOBATEJIbHO, 1 9KCIIOHEHIINAJIbHAS, 1 XQ) u T.;1. TpedboBanune HE3ABUCUMOCTU
MHOXKeCTBa 3HA4YEeHUIl HCCae/[yeMOil CydailHOil BeJUYNHBLI OT IlapaMerpa
6 cyliecTBEHHO: HAITPUMeEp, PaBHOMEPHOE PpacIpejie/IeHue U[Oﬂ} OTHOCUTCS
K HEperyJapHbIM  MOJEIIM. IDTO TPOWCXOJUT U3-3a TOrO, YTO IIpH
T depeHITmpoBaHIT THTErpaJia, MpeJie/ibl HHTETPUPOBAHUS KOTOPOTO 3aBUCST
OT TIapaMeTpa, MOABJIAIOTCS JOMOJIHUTE/IbLHbIE claraeMble. T.e. MEeHATH MecTaMu
nnTerpupoBanue n guddepeHnupoBanne Helb3sd, U K HePeTryIapHbIM MOJIEIIM
N3JI0ZKEeHHasl HUZKe Teopus HellpUMeHNMA.

Jln L(X, 6)
a0

YT1BepxKaeHne. Ecin pyHKIUS TpaB1ono10ous yaoBJIETBOPIET YCIOBUIM

Omnpenesienne. Oynknus U (X, 0) = Ha3bIBAETCA hynryuet ex.iada.

PeryJIsipHOCTH JiJIst TIepBoil pousBoHoit, To Ky U(X, 0) = 0. B camom gere,

5 U0X,0) = [ U006 On(an) = [T )uan) =
OL(x,0 OL(x,0
[L(; : L((% )L(X, p(dr) = [%M(da:) = {perysspHocTh }
4 %
— o [ Lot = 51 =0

N3 »sToro, B YACTHOCTU, BLITEKAET, YTO JIJId PEryASIpHBIX Mojeseit
Dy U(X,0) =EyU*(X,0).

[TocunTaem JAUCIIEPCHUIO CI)YHKLLI/II/I BKJIa/la:

d1n L(X, 0) mng fo(Xi)

Dy U(X, 6) = Dy —— == = Dy — =L — =
Dy ai:zl 12; e = Dy Zzn; 81%99()(1) = {He3aBuCUMOCTb BBIOOPKH | =
zn: Dy %%(Xi) = {0HOPOIHOCTD BHIGOPKHU } =
i=1
n oﬁlng—g;Xl) =n DyU(Xy1,0) =niy(6).
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31ech 3a i1(f) oboznavena jucrepcus HYHKIUN BKJIAJIA OT BBIOOPKU U3 OJ[HOTO
9JIEMEHTA.

Onpeaenenne. [lycrs X = (Xl, e ,Xn) — BBIOOpKa 00bEMa n. Bemmuanny
in(0) = Dy U(X,0) masbBaioT ghuweposcrkoti undopmayuet, codeparcawseiics 6
eulbOPKE pasmepa n.

HepaBencrBo Pao—Kpamepa. Ilycmo (Xl,...,Xn) — ewbopra, L(X,0)
YO0BACMBOPAEM, YCAOBUAM DELYAAPHOCTU OAf NeP6otl npousdeodnots u T(0) —
dugppepenyupyemasn pynxuus 0. Tozda:

1. Jlaa moboti T(X) — neemewsénnoti ouenku 7(0), cnpasedauso nepasencmeo:

by > TO) __(O)

o
w0 Dyox e E°

2. Pasencmeo docmueaemea <= da,(0): T(X) —7(0) = a,(0) - U(X, )

HoxkaszarenabctBo. U3 yenosuit perymsipuoctu L(X, 0) st ciemyer:

/L(x, NHu(dr) =1 = /8L6); 9) p(dx) =0

/ T(2)L(x, 6)u(dx) = g T(X) = (0) / a@ ) i) = (6)

3aMeTuM, 4TO

OL(x,0) 0lnL(x,0)
00 90

L(x,6)
OTkyna ciemyer:
/U(x,@)L(X,Q),u(da:) =0 < E|UX,0)] =0

/ T(2)U(x, 0)L(x, O)u(dr) = 7(0) = Eo[T(X)U(X,0)] = 7'(0)

Beraurast n3 Broporo paBeHcTBa mepsoe, ymuokerHoro Ha 7(0) = Eg [T/(X)],
TTOJTY TaEM:

E9 [T(X)U<X7 '9)] T ]EG [T(X)] Eg [U(X, 9)] = 7"(9) —0- 7—(@) — 7—’(9)
B Js1eBoit yactu [IOJIYYEHHOT'O PaBEHCTBA CTOUT KOBapUAINA CIIYYailHbIX BeJIMINH

T(X)u U(X,6):
covg(T(X),U(X,0)) = 7'(0)
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3 nepapencrsa Komm-byHsikoBekoro:
('(0))* = cov3(T(X), U(X,0)) < Dy T(X) Dy U(X,0) = Dy T(X) niy (6),
YTO PABHOCUJILHO II.1 T€OPEMBI:

(r'(0))

Dy T'(X) = i1 (0)

PaBeHCTBO JIOCTUTACTCH, €C/IN CTATUCTUKA U (DYHKIINUS BKJIA/Ia TUHEHHO CBI3aHbI
(omsiTh ke, coejicTBre HepaseHncTBa Kommu-ByHsikoBckoro):

T(X) = p()UX,0) +¢(0) = 7(0) =9(0), an(0) = ¢(0).  (2.1)

|
Ornenku, obparmnarorie HepapeHcTBO Pao—Kpamepa B paBeHCTBO, BBLIEISIIOTCS
B OTJICJIbHBII KJIaCC.

Onpenenenne. Ifipexmusnan ouyenrxa T(X) — 970 HecMeléHHas OIEHKA
napamverpa 6 (win dysxipm 7(0)), aucnepcnst KOTOPOii COBIAAeT ¢ HUZKHEN
rpaHblO0 B HepaBeHCcTBe Pao—Kpawmepa.

Sameuanue. Eciu cymecrByer addextuBHast ornenka st dbyukiunu 7(0), 10
HU JIJIsl KaKoii Jpyroii pyHKIuu ot @, Kpome JIMHEHHOro mpeobpasoBanus 7(6),
3G PEKTUBHOI OIIEHKN CYIIECTBOBATH He Oyjer. D1o cieayer us (2.1).

Tak xak jucrepcust Jo00# ONEHKN B PETYJIAPHOIl MOjen He MOXKeT ObIThb
MeHbIIle HIPKHE IpaHu, ompejieiseMoil HepaBeHcTBOM Pao—Kpamepa, To Kaxkias
apdeKkTuBHAas OlleHKA SIBJIsSIeTCsT onTUMa/bHOi. OOpaTHoe, B CHIIYy HPEJIbIIYINero
3aMevaHNsd, HEBEPHO.

2.6 Teopema Pao—DbJekysiiia—KoJjsimoroposa.
OnTuMaIbHOCTh OIEHOK, SBJASIOOINXCSA Q@YyHKIOnei
IIOJIHOI JOCTATOYHOM CTATUCTUKU

Teopema Pao—buaekysnia—KoamoropoBa. FEcau cyuiecmeyem
onmuUMaivHas ouenka oasn T(0), mo ona asasemes Pynryuets om docmamounot
CMAMUCMUKU.

okazareabCcTBO. B 1oKazarenbcTBe NCHIOIB3YIOTCA CAEYIONINE CBOMCTBA
YCJOBHOTO MaTEeMaTHICCKOTO OYKUTAHN:

E f(z,2) = E(E(f(z,2)]2)),
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MbI J1oKaxkeM jrazke 0oJjiee CUJIbHOE YTBEPXKJIeHHe: JJId JIF000 HecMeléHHOM
OIIEHKN MbI MOYKEM IIOCTPOUTHL HOBYIO OIEHKY, SBJISIIONLYIOCsS (DyHKIME oT
JIOCTATOYHONI CTATUCTUKH, HPU ITOM JUCIEPCHsT ITOCTPOEHHOI OIeHKH Oyer
He OoJibiie ncxojHoi. OTcroja BBITEKAET W YTBEPXKJEHHE TeOpeMbl — Belb
ONTUMAJIbHAS OIEHKa SIBJISIETCSI HECMEIIEHHOI, COOTBETCTBEHHO, MbI MOKEM
IIOCTPOUTH HOBYIO OIIEHKY, KOTOopast OyieT paBHOMEPHO 110 § He XyrKe OINTHMAaJIbHOII.
Ho onrumasibHast olleHKa eJIMHCTBeHHA, a 3HAYUT, OHa caMa siBjsieTcs (DyHKIIer
OT JOCTATOYHOI CTATHCTUKU, ITO U TPeOyeTcsl J0Ka3aTh.

1. TTocrpoum mckomyio orenky. [lycrs T(X) — mocrarodnas CTaTHCTHKA,
T1(X) — mecmernénnas orenka 7(0), T.e. By T1(X) = 7(0). Pacemorpum
bynknmio H(T) = Ey (T1|T). Torna n3 mepsoro cBoficTBa CJ1e/Iyer:

Eg H(T) = E@(Eg (Tl‘T)) =K1} = T(Q) —

H(T) — mecmernénnas onenka 7(6).

2. Tlokazkem, 4To €€ AucHepcust He MPEBOCXOJAUT JUCIEPCUIO MCXOIHOI:
2
Dy Ty =Ey(Ty — 7(0))" =
2
By(Ty — H(T) + H(T) - 7(9)) -

Ey (T, — H(T))" +2 EQ[( H(T)) (H( )} + Dy H(T)

OrneHnM BTOpOE cjtaraeMoe, 1oJib3ysich TeM, uto H (1) — dyukius or T u
MOZKeT OBITh BBbIHECEHA U3 110 YCJIOBHOIO MATEeMATHYCCKOTO OKMJIAHNS KAK
KOHCTAHTA:

By | (T — H(D)) (H(T) - 7(6))| =
— E (Eg (T~ H(D)) (H(T) = 7(0)) | T|

)
—E, ((H(T) —7(6)) By [(T1 — H(T))| TD _

—E, ((H(T) —(0) [Ba(TuIT) ~ Eo(H(D)| )]
—E, ((H(T) —7(0)) [H(T) _ H(T)D — 0.

N—
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OTCIO,IL& 1 BBITEKAECT, 9TO

Dy Ty = By(Ty — H(T))* +Dy H(T) > Dy H(T).

-~
>0

Takum ob6paszom, ecm CymecTByeT ontuMasbHas onenka 17, to H(T) Toxe
ONTHMAaJIbHA, HO Mbl 3HaeM, UTO OITHMAaJIbHAasl OlleHKa eJnHcTBeHHa. OcTasioch
samernts, uro H(T) = E¢(Ty|T) = f(I) — dyskuus or pocrarounoil
CTATUCTUKM. |

Teopema Koamoroposa. [lycmo T(X) — noanas docmamounas cmamucmuka.
IIyemov o(x) — bopeaescran dynryua, u Eq gp(T(X)) = 7(0). Tozda gp(T(X)) —
ONMUMaALHAA ouenka Oas T(60).

HokazaresnbcTBo. 13 Teopembr Pao—Dbiekysnia—Kosmoroposa ciemyer,
9TO eC/IN CYIECTBYeT HeCMEIIEHHasl OlleHKa Jijisi 7(#), TO cyIiecTByer TakKe u
HecMenéHHas onenka 7(6), sBisttorasicst GYHKINEH 0T J0CTATOYHON CTATUCTHK.

[Iycte T = ¢1(T") — necmernénnas onenka 7(6) u T — mosnast gocTaTovHast

crarucTuka. Jlonycrum, 4To CylIecTBYeT ellé ojHa HecMelléHHasl OlleHKa 1h =
wo(T). Torma VO € ©

By (1(T(X)) = 4:(T(X)) ) = 0.
Ho T'(X) mosmas, =— o1(y) = ©oly) na obmactn smauenmit T(X).
Takum obpaszomM, HeCMEIIEHHASI OIleHKa, ABJISTIONasicst (pyHKIEeH 0T J0CTaTOIHOI
CTATUCTUKH, eJIMHCTBEHHA. SHAYNUT, OHA U OyJIeT ONTUMAJIBHOI omneHKoil 7(6).

2.7 Metroa momentoB. (CBoiicTBa OIIEHOK, ITOJyYEeHHBIX
MEeTOJ0M MOMEHTOB

[IycTh (Xl, e ,Xn) — BBIOOpPKa 00bEMA N U3 IapaMeTpPUIecKoro ceMeiicTsa
pacipejenennii Py. Boibepem dyukimo g(y): R — R tak, arobbl cymecTBoBas
momeHT Ep g (X7) = h(0) u byuxmus h(f) 6outa obparuma na 6. Pasperntim
[OJIy9eHHOE ypaBHEHUE OTHOCHTE/ILHO #, a 3aTeM BMeCTO UCTUHHOIO MOMEHTA
BO3bMEM BBIOOPOUHBIII:

=1 Eeg (X)), 0 =1 (G00) =17 (L3 g v
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[Tosnyuennas ouenka 6 — ouenka memoda momenmos ajst napamerpa 6. Harme
Bcero 6epyT g(y) = y*. B atoMm ciayuae, npu yciaosun obparuMoctu by h

Ha €:
_ . Jpp— (1
Ey Xt =h(6), 6=h"(EyX1), 6 hl(X’ﬂhl(ﬁZHXf)

IIpumep. Paccmorpum pasHomeproe pacupejesierue U g Haitgém onenky
MeTO/Ia MOMEHTOB JIjIsI ITapamMeTpa 6 110 11epBOMY MOMEHTY:

0 _
By Xi=7. 0=2EX, 6j=2X

Haiiném onenky merojia MOMEHTOB K 110 k-My MOMEHTY:

0

1 0" . ) —
EaXf:/ykédy:kJrl’ 0= {f(k+ DE XL b= {/(k+ )X

0

YrBepxkaeHue. [lycmo 0% = h_l(g(X)) — ouenka napamempa 6, nosyveHHaA
MEMOdoM Momenmos, npuvwém dyrnkuyus h~' nenpepwena. Tozda ouenwa 0
COCMOAMENOHA.

HoxkazareabcTBo. [lo 3bY Xununna nmeem:
1< P
9(X) = - ;9 (X3) — By (X1) = R(0)

Beuty nenpepsisnoctn ¢yuxmnmm bl

0 = (9(X)) —= h ' (Bog (X1)) = b (h(8)) = 6.
=

Onpenenienne. Acumnmomuuecku HOPMAALHAA ouenka Tapamerpa 6 ¢
koabdunmentom o2(f) — omenka 6* T4, Upu N — 0O UMeET MeCTO ciabasd
CXOJIMMOCTD K CTAHJAPTHOMY HOPMAJILHOMY PACIIPEIe/ICHUIO:

Vi —0)

0'(9) n—00

> N071 .

JIlemma. Ilycmo dynxuyua g(y) maxosa, wmo 0 # Dyg(X7) < oo. Tozda
cmamucmuka g(X) ABAAEMCA ACUMNMOMUNECKU HOPMAALHOT 0UEHKOT OAf
Eo g (X1) ¢ xoappuyuermom o*(0) = Dy g (X1):
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— K X
\/ﬁg( )—Eog(X1) 4  Nox
Dpg(Xy) noee

HokazaresabcTBo. Crenyer HenocpejctBenno u3 HIIT. |

Sameuanne. Cjeayoias TeopeMa yTBEPKIaeT aCUMITOTUIECKYI0 HOPMAIbHOCTD
OIIEHOK BHJIa,

o — 1(505) _H<g<xl>+...+g<xn>>

KOTOpbIE 0OBIYHO I[IOJIy4alroTCd IIPpHU HNCIIOJIb30BaHUN ME€TOAa MOMEHTOB, IIPHU 3TOM

Beerta 0 = H (Eq g (X1)).

YrBepxkaeune. [lycmov ¢dynrkyus g(y) maxosa, wmo 0 # Dyg(X7) < oo,
Pynryua H(y) duddepenyupyema 6 mouxe a = By g (X1) u eé npoussodnasn
6 amoti mowrke H'(a) = H'(y)|,—, omauuna om nyan. Toeda oyenka 6 =

H (g(X)) ABAACTNCA ACUMNMOMUYECKY HOPMAALHOT 0UEHKOT 0L NApaMempa
0=H (E9 g (Xl)) = H(a) ¢ xoapdunyuernmom acumnmomusecrkoti HOPMAALHOCTIU

o2(0) = (H'(a))* - Dy g (X).

HoxkaszarenabctBo. Cortacio 3BY nocienosarenbrocts g(X) crpeMuTces K
a = Eg g (X;7) no BepositHOCTH € pocToM N: DyHKIHS

Hy-H@
Gy) = y—a Y
H'(a), y=a

110 YCJIOBMIO HelpePbIBHA B TOYKE @: MOCKOJbKY CXOJUMOCTH 110 BEPOSITHOCTHU
cOXpaHsieTcd  II0JI JIeHCTBUEM  HENPEPBIBHOW  (DYHKIUU, IOJYYUM, HUTO

G (9(X)) — Gla) = H'(a).

3aMeTnM TakzKe, 4TO 110 BBIIEIPUBEIEHHON JIeMMe BeJTMIrHA /T (g(X) — a)
c1ab0 CXOANTCsA K HOPMaJIbHOMY pactpesesnenuio Nop, ¢(x,): IyCTh § — ciydaiinas
BeJIMIMHA U3 3TOTO Paclpesiesiennd. Torma

Vi(H(gX)) = H(a)) = va(9(X) = a) - G(9(X)) — ¢ - H'(a)

n—oo

. . d
Mpr ncnosrb30BaJIN CJIeIyIoIIee CBOCTBO ciaboil cxoaumocTu: ecin &, — &
n—oo

P d o
niy ——C= const, T0 £,1n, — c&. Ho pacripejienienue ciydaiinoit BeJIM4nHbI
n—oo n—oo

§ - H'(a) ectb No (177(a))2-Dy g(x,)> OTKY/IA CICIyeT
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o?(0) = (H/(a))2 Dy g (X7).
H

2.8 Meton makcuMaJabHOro mnpasaomomodbmsa. CsoiicTBa
OIIEHOK MaKCHUMAaJIbHOTO IIPaBI0No 00us

Omnpenesiernne. Ouerka MakcumaivbHozo npasdonododbus 0*(X) napamempa 6 —
TOYKa IapaMeTPUIECKOT0 MHOXKeCTBa ©, B KOTOpOil (DYyHKIINS IPAaBIOI0 100
L(X, 6) npu 3a/1aHHOli peamu3anui BLIOOPKU & JIOCTUTACT MAKCUMYyMa, T.e.:

L(x,0") = rge%xL(w,Q)

3ameganue. [lockonbky dynknusg Iny MoHOTOHHA, TO TOYKH MaKCHMyMa

dbyuxruit L(X, ) u ln L(X, 0) coBnagaior.

Ecmn st kaxkgoro X mMakcuMyM (YHKIUN ITPABJIOINOI00MS JTOCTUTAETCS
Bo BHyTpenHeit Touke O, m L(X,0) muddepenmupyema mo 6, To oleHKa
MaKCHMaJIbHOTO TipaBononobus 6% = 6%(X) yaoBieTBopseT ypaBHEHHIO:

OlnL(x,0)
00
Ecsin @ — Bexropubrit mapamverp: = (61, . .., 6,), To 970 ypaBHeHIE 3aMEHsIETCST
CUCTEMON ypaBHEHUIA:
Oln L(x,0) _0. i=Tn
00;

IIpumep. Ilyctr nana BbiOOpkKa X = (Xl, . ,Xn), X; ~ Bijp. Haiiném
OIIEHKY MaKCHMAaJILHOTO TpaBjiomo1obus i 6. s sroro 3anuiieM GyHKITIO
PaBIONOI00UsT U uccieyeM eé (Tounee, eé jorapudm) Ha SKCTPEMYM:

Xi n—

L(X,@):ﬁPG(Xi:xi):&; (1-0) ¢

In L(X,0) = ZXi Inf + <n — ZXZ> In(1 —6)
i=1 i=1

X;
1

n n

anL(X =" - =L
00 ’ 0 14
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(1—9)§Xi—9<n—§Xi)
- (1 — 0)
iflx,.—ne

6(1—0)
[IpupaBHuBasi 4ucauTe/Ib K HYJIIO, ojydaeM, 9o 0 = X — craiuoHapHasi
touka. [Ipu atom eciin @ > X, To npousBojiHas oTpunare/ibia, a ecan < X —
OJIOYKUTEIbHA, T.€. 9TO JIOKAJbHbII MaKCUMyM. 3HAYHUT, 9TO B CAMOM JieJie OICHKA
MaKCHMaJILHOTO 1TPaBJIONOA001ST [IJIs TTapameTpa 6.

YrBepxkaeuune. Ecau cywecmeyem afipexmusnan ouenka T(X) cranaprozo
napamempa 6, mo ona cosnadaem ¢ oueHKoT MAKCUMANLHO20 NPABAON0I0OUA.

HokazarenbcTBo. Ecim onernka T'(X) ckasgproro napamerpa 6 addekTuBHa,
1o T'(X) smHeiino Bbipaxkaercs depes (DYHKIMIO BKJIa/a (C/1e/ICTBIe HepaBEeHCTBA
Pao—Kpawmepa):

T(X) -0 = a,(O)U(X,0) = an(e)%(exﬁ)

Ho eciin Mbl nojicraBuM BMecTO 6 OIEHKY MaKCHMAaJILHOI'O IIpaB/Iomo1oous 6, o
npaBas dacTh obmysnures. A suaqant, T'(X) = 6*. |

YrBepxkaenuune. Fcau T(X) — docmamounas cmamucmuka, a ouenka
MAKCUMANLHO020 npasdonodobus OF cyuecmeyem u edurncmeeHnna, mo OHa
aeazemes dynryued om T(X).

Hoxka3zarenbcTBo. 113 kpurepust hakropuzanuu ciaeyer, aro ecin T = T(X)
JIOCTATOYHAA CTATUCTHKA, TO UMEET MECTO IPeJICTABICHIE:

L(X,0) = g(T'(X),0)n(X)

Takum obpasom, makcumuzanus L(X, ) cBoanTes K MaKCHMU3AIANT g(T(X), 9)
o 6. CaenoBaresnsio, 6% ects dbynknus ot T'(X). H

NuaBapumaHTHOCTH MeETOJa MAaKCHUMAaJILHOIO IIpaBaomnogodusi. [lycmo
f:© =Y — nexomopasn buexmusnas dpyrrxuyua. Tozda, ecau 0% ecmov ouenka
MAKCUMaAvHo20 npasdonodobus das 0, mo f(0°) — ouenra makcumaivrozo
npasdonodobus oas f(6).
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JlokazaTejabCTBO.

L(x,0%) = sup L(z,0) = Sup Lz, f ' (y)) = Lz, f ' (y))

Torpa 0% = f~(y*) u y* = f(0%). |

Onpegesienne. Acumnmomuuvecku adexmusran oyenra napamerpa 7(0) —
OlLleHKa T*:

PRID) = Ear(x.)

> 1, tie i,(0) = Ey (

YT1BepxkaeHue. [lycmv evnosnenv, caecoyroujue yciro6us:

1. Qynryua npasdonododbus L(X,0) ydosiemeopaem ycro6uam pe2yisaprocmu
OAA MEPBHLT 08YT NPOU3BOIHIL,

2. Cywecmeyem eduncmeenas 0UenKa MakCUMaAbH020 npasdonodobus 6% dis
ecex B, xomopas docmuzaemcs 60 enympentets mouke ©.

Tozda ouenxa 6*:
1. acumnmomuuecku HECMEW,EHA;
2. COCMOAMENOHA,
3. acumnmomuvecku spdexmusna,

4. acumMnmomu4ecru HOpmMasbHA.

2.9 I/IHTepBaJIbHOG oneHnmBaHUE: ]_[eHTpaJIbHaSI CTaTUCTUKA
1 CIIOJIb30BAHNE TOYEYHOMI OoLeHKN

Omnpeneneunne. /[osepumenvhuili unmepsan s napamerpa 6 ¢ Koaddunnenrom

nosepust (min wHagéxkuoctn) v € (0,1) — unaTepBa (Tl(X),Tg(X)), rie T, —
CTATUCTUKH, T.4.:
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IIpumep. Ilyctn (Xl, e ,Xn) — BblOOpKa 13 Ny ;. Torna
IR — d
0 :XZE;XiNN% = (X —0)vn —— N

s BeTmunHbI, UMeIoIIeil cTanapTHOe HOPMAJIbHOE PacIpe/ie/IeHe, MOYKHO
IIOCTPOUTH JIOBEPUTE/LHDINH HHTEPBAJI CJIEJYIOIIM 00pa3oM: HaXOJUM TaKoe t. /o,
9TO

Py(|(X = 0)v/n| < t2) =

Permraem ypaBHeHHe OTHOCHTEIBLHO € 11 1IOJIydaeM

— 9 — tyo
Taxkum obpazom, | X — D2x + Ly - ~Y-TOBEPUTETbHBINT UHTEPBAJI /151
n n

napamerpa 6.

vy /2
JIIMHA IIOCTPOEHHOIO HAMH B IIpHMepe HHTepBaja — 2 % Ona 3aBUCUT
n

JIIIL OT pasmepa BbiOopKu. OjHako B 00IIeM Ciydae JIJIMHA JIOBEPUTEIHLHOTO
WHTEpBasa sBisgercs ciaydaiinoit Beamanuoit — T5(X) — T1(X). Bmecre ¢
TeM OYEeBHJIHO, YTO HaM XOTeJOCh Obl ClejaTh WHTEPBAJ KakK MOXKHO 06oJiee
KOPOTKUM. PaccMoTpuM J0CTOTATOYHO 00MIHil cr1ocod MOCTPOeHHsT KpaTdaimx
JOBEPUTENIbHBIX MHTEPBAJIOB. [lJist 9T0r0 HaM MOHATOOUTCST BBECTH CJIEYIOIIee
OTIpe/IeIeHNeE.

Onpenenenune. [[enmparvhas cmamucmurae — dbyuaknus G(X, 0), T.a..

1. G(X,0) uenpepsiBHA U CTPOrO MOHOTOHHA 1O @ TpH J1I000H (hUKCHPOBAHHOI
peain3alnui BHIOOPKHU .

2. Fa(t) =Py(G(X,0) < t) nenpepbisia u He 3aBucut or 6.

3ameuanue. DopmajbHO OlpedeéHHasl BbIIIE BeJIUYNHA HE  SIBJISIETCS
CTATUCTHUKOM, T.K. 3aBUCUT OT HEU3BECTHOI'O IapamMerpa 6.

HOCTpoeHI/Ie KpaTqaﬁmero A0BepuTe/JIbHOI'oO MHTEepBaJia C IIOMOIIIbIO
HeHTpaﬂbHOﬁ CTAaTUCTUKMN:

1. Haiiném g1, 90 € R, 1.4,
P, (g1 < G(X,0) < gQ) —y V€O =  Fulg+0)— Falqr) = .
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2. Ilycte ms onpenenéunoctu G(X, #) Bospacraer mo 6. Torya cyiectByer
obparnas 1o 0 dyuxiusa G1(X, g) u us ycnopuii

G(X7 0) < g2
G(X7 9) 2 g1

MOKHO HallTH CTATUCTUKU

{TQ(X): GX X)) =g Ty(X) < 0 < Th(X)
T(X): G(X, (X)) = ¢

otkyna Py (Tl(X) <0< T2(X)) >y V0 € 0.

3. Munumusupyem Uy MOJIYYUBINErocs nurepsasa. B obieM ciydae 3To
CBOJIUTCS K IOMCKY YCJIOBHOT'O SKCTPEMYyMa

G(X, 02) ~ G (X, g)| = [B(X) = T(X)| i
’ ( 92) ( 91) 2( ) 1( ) Fa(ga+0)—Falg)=>y

[Tonck ycJaoBHOTO 9KCTpeMyMa 3a4acTyIo dABJIsgeTcsd CJIOXKHON 3a1aqeii. [Topoi
BMECTO MUHUMU3AIUNU JIJIMHbl WHTEepBaJia MUHUMU3UPYIOT CPEIHION JIJINHY
Eg|[T5(X) — T1(X)], mm mazxe orHOmEHME 2 (cunras, uTo ga > g1).

MozkHO HCIOIb30BaTh W JIPYTOil IMOJIXO0J, KOTOPBIH IO3BOJISAET M30€KaATh
peleHnst CJI0YKHBIX ONTUMI3AIMOHHBIX 3a/1a4. CoryiacHO OINpejIe/IeHUIO, TTapaMeTp
nomnajaeT B JIOBEPUTEJbHBIN WHTEPBaJ C BEPOSITHOCTHIO Y. MBI MoxkeM
pacIpejieTuTh ocTaBIecs 1 — y MopoBHy, YTOOLI MapaMeTp ObLT JIeBee UJIN IpaBee
HaIlero NHTEPBaJIa ¢ PABHON BEPOSITHOCTHIO.

Oupenesnienue. [enmparvhviti dosepumenvrvitli unmepsan 1 napamerpa 6 ¢
kosbdurmentom fgosepusi v € (0, 1) — unTepBaT (Tl(X), TQ(X)), T.9.

P, (Tl(X) > 9) — 1_77

Py (Tl(X) <0< T2(X)> —

Py(T(X) < 0) = 1_77

B stom CJlIydac IIpd HaJIMIUU HeHTpaﬂbHOﬁ CTaTUCTUKN Mbl OJHO3Ha4YHO

HAXOJIUM (1, §o KaK KBaHTWIN pactipejesnenus Fg(x): g1 = FG_1 (1_77) , gy =

F;! (HTV), u ocraérest b Haiitu T1(X) = G7H(X, g1), T2(X) = G X, g2)
(mm Haobopor, eciin G(X, ) yosisaer 110 6).
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IlocTpoeHnne goBepUTEILHOIO MHTEPBAJIA C IIOMOMIHBIO TOUYEYHOIN OIEeHKU

[Topoit ObIBaeT HEBO3ZMOXKHO HAWTU IEHTPAJbHYIO CTATUCTUKY, TaK KakK
pyHKIUSA pacrpeiesieHns UMeeT CJIUNTKOM CJIOXKHBIN BUJT — HAIPUMED, B CIydae
OepHY/LJIMEBCKOTO WJIN MTyaCCOHOBCKOTO pachpejiesiennd. B TakoM cirydae MOXKHO
HCII0JIb30BATh METOJ TOYEYHOIl OIIEHKH.

1. Ilyers T(X) — roueunas onenka 6. Oboznauum Fip(t, ) = Py (T(X) < t).

[Ipepnonozkum, aro Fr(t,0) — HenpepbiBHas U CTPOr0 MOHOTOHHASsI
dbyuxiwst 0 npu jobom GukrcuposarnoM t. Haitném takue t1(0),t2(0), aro

Py (tl(Q) <T(X) < t2(9)> > ~. g opnosnadanoctn OyieM BbIONpATEH WX

TakK, 4TOObI

P, (T(X) > t2(9)> <! 1— Fr(ty(0),0) < —

Pg (T(X) < t1(0)> < T FT(tl(Q),Q) < —
T.e. pedb uJAET O MOCTPOEHUH EHTPATLHOTO JIOBEPUTEIHLHOIO HHTEPBAJIA.
[logpasymeBaercst, arto t1(f) — wnambosbiiee, a to(f) — nHanmenbiiee
snadenust 1'(X), yaosiersopstiioniye 3TiuM TpeboBatusiv. Ecm Habirogaemast
CIIydaiiHast BeJUTINHa IMEeT HelPEPBIBHOE PACIIPE/Ie/IeHIe, TO HePABEHCTBA
3aMEHAIOTC Ha PABEHCTBA.

2. PaccMoTpuM BerioMoraTebHYIO JIeMMY, BEPHYIO B aOCOTIOTHO HEIIPEPBIBHOM
crydae:

Jlemma. Ecau Fr(t,0) eospacmaem no 6, mo t1(6) u t2(0) yowsarom. Ecau
orce Fr(t,0) yousaem no 6, mo t1(0) u t2(8) sospacmarom.

HokazarenbcTBo. [lokaxkem jyist t1, st to anajgorunyano. [lyers Fr(t, 0)
Bozpacraer. OT IPOTHBHOTO: TPEAIONIoKNM, aTo J01 < O9: t1 (01) < 1y (6s).
Wcnons3yst To, 9TO FT(t,H) BO3pacTaeT 10 6 u, KaK BcaKas PYHKIN
pacipejeeHns, He YObIBAET 110 t, MOJIYINM:

1 —n

T2 Fr(ti1(61), 01) < Fr(t1(01),62) < Fr(ti(62),02) = I_TV

[Tosrydennoe mpoTuBopedne 3aBepiiaeT J0Ka3aTeTbHCTBO. |
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3. BakJ/IounTe/IbHbI mar:

H(0) < T(X) = 0> (T(X)) = By(0> ¢ (T(X)))
)- 15

£(0) > T(X) <= 0 < py(T(X)) = Py (9 < 0a(T(X))

— Py (gpz(T(X)) <0< 901(T(X)))
Ty (X) T»5(X)

I
2

rIe @1, o — obpatubie K t1(0),t2(0) bdyuxium. [{okazannast BbIIie JeMMa
SIBJIACTCSL, 110 CYIIECTBY, 0OOCHOBAHIEM IIPUMEHUMOCTU METO/a B abCOIIOTHO
HEIIPEPLIBHOM CJIydae — BeJb €CIU ti,ts CTPOro MOHOTOHHBLI, TO OHHU
00paTHMBI.

B jmckpeTHOM citydae TPUJIETCS TTPOBEPSATH 00paTUMOCTh BPYYHYIO.

2.10 IIpoBepka runores. Jlemma Helimana—IIupcona

Onpeaenenne. Cmamucmuyeckas sunomeda H — jroboe mpeanooxkenue o
pacupe/ieJieHIN HaOJII0AaeMOil CJIyJIaiiHON BeJINUMHBI.

['unoreza HasbBaeTcst npocmod, ecan B Heil dBHO 3aaéresd oaHO (He
napamerpusosaitoe) pacipejesenne. Hanpumep, H: X; ~ N ;. B nporusaom
caydae TUIoTe3a Ha3bIBACTCHA CA0NHCHOU.

Kaxk mpaBujio, paccMaTrpuBaeTcst Cpa3y JiBe B3aUMONCKJ/IIOYAIONNe THIIOTE3bI.
Opna W3 HUX Has3bIBaeTCsd ocHosHol U obo3Havdaercss Hy, a jpyras —
asvmepramuenoti 1 obosnadaercsa Hi.

['unoresbpl MOryT OBITH CaMbIMU pPas3HOOOpasHbIMU. [IpuBelIEéM HECKOJIbKO
[IPUMEPOB.

1. T'unoresnl 0 Bue pacipe/ie/eHusi:
[Tycth mpomsBOJUTCS M HE3aBUCHMBIX HAOJIIOAEHUI HaJ HEKOTOPOi
caydaiiHoil Bem4unHOM £ ¢ Hem3BecTHON (DyHKIMEll pacipe/ieieHnst Fg(x)
OcnoBrag runoresa — Hy: Fe(x) = F(x) wm Hy: Fe(z) € F, tne F —
HEKOTOPOE TOJIMHOYKECTBO B MHOZKECTBE BCEX pacIpejiesieHuil (Kak MpaBuio,
F 3aj1aéTcst mapaMeTpuvecki).

2. ['nnoresnl 0 TpoBEpPKe OJHOPOIHOCTU BBHIOOPKU:
[IpousseieHo k cepuii He3aBUCUMBIX HAOJIIOIEHUI 1 110J1y4eHO k BHIOOPOK
X1, ..., Xg. OcHOBHasI 'UIIOTE38, COCTOUT B TOM, UTO 3TU BHIOOPKH U3BJIEUEHBI
13 OJIHOTO pactpejernenns, T.e. Hy: Fi(x) = ... = Fy(x), tne F; — Gyukius
pacipejiesieHisI 3JIEMEHTOB 1-if BLIOOPKHU.
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3. T'umoresa He3aBUCUMOCTH:

Habmonaercss  nBymepHast  ciaydaiinast Beqmunaa & = (£,&) ¢
Hen3BecTHON byHKImeit pacupeenenns: F'(x,y). Ilomyuena BweiOOpKa
(X1,Y7),...,(X,,Y,). OcHoBHast rumoresa 3ak/IOUaeTCs B TOM, 9TO &
n & HesasucuMbl, To ects Hy: F(x,y) = F¢(2)Fg,(y), tne Fe, Fe, —
HEKOTOPbIE OJIHOMEPHbIe (PYHKIWN paciipejesiernst. B obiieM ciydae MOKHO
paccMaTpuBaTh k-MEpHYIO CAydYaiiHyio BeJMYUHY U [IPOBEPSITH TUIIOTE3Y
HE3aBUCUMOCTHU €€ KOMIIOHEHT.

4. T'mnoresa ciyvaitHoCcTH:
Pesynbrar skcrepumenTa OnMmchIBaeTCA N-MEPHON caydaiiHoil BeTmInHOl
X = (X Tye- ,Xn) ¢ Hem3BecTHOI byHKIHMeit pactpenenenust Fx (r1, ..., T,).
Mozxxno mn pacemaTpuBaTh X KakK BBIOOPKY U3 paciipejiesieHns HeEKOTOpOit
caydaitnoil BemauHb! € (T.e. SBJISIOTCS JIT KOMIOHEHTBI X; HE3aBUCHMbBIMU
1 OJIMHAKOBO pacipeieiéHHbIMI)? B aHHOM cjTydae MpoBepsieTcst MUoTesa
ciayuaitnocr Hy: Fx(xy,...,2,) = Fe(x1) - ... - Fe(zy).

3ameuanue. MoxkeT 1mokasaTbcsi, 9TO B OOIEM cjydae 3ajada UMeeT TaKoil
B «/lana Beibopka X. Bepna jin rumoresa Hy?» Ho koppekrHee roBoputh
«Cortacyrores i HaOJIIOJaeMble JJaHHbIE ¢ BBICKA3aHHOM THIIOTE301 7.

B pasipHeiinmeM Mbl YBHIUM, YTO IIPOIECC IPOBEPKHM TI'MIIOTE3bI CKOpee
HAIIOMUHAET JI0Ka3aTe/1bCTBO HeBepHOCTH H(y. MbI olleHIBaeM, HACKOJIBKO BEPOSITHA
IMEIOIasACA peaan3alns BbIOOPKU B IpeArooxKeHun, uro Hy nctunna. Ecim
HaOJII0TaeMble 3HAUEHHS JIOCTATOYHO MAJIOBEPOSITHBI, TO MbI CUUTAEM, UTO I'HIIOTE34
Hy nenpapononodbna u orsepraeM e€. B nIpoTuBHOM ciiydae Mbl JIUIIL MOYKEM
CKa3aThb, YTO JAaHHBbIE He IIPOTUBOPEeYaAT BHICKA3AHHON I'MIIOTE3E.

[IpuBeéM MOJIe/TbHBIN TIpUMeEp: MYCTh €CTh BBIOOPKA M3 OJHOIO 3JIEeMEHTA
X = X u nposepstercst mpoctas runoresa Hy: X1 ~ U[—2,2]. Ecim nabiojaemas
peasn3aliis BLIOOPKHU T = 3, TO HAIla MUIIOTE3a 0YEBUIHO HEBEPHA, U MbI MOYKEM
CIIOKOITHO e€ oTBepruyTh. Ho eciim x; = 1, TO MBI HEe MOXKeM yTBEpPKJIATh, UTO
Hy cripaBejjinBa: Mbl MOTJIM IOJIYUUTh 1 = 1 U U3 CTAHJAPTHOIO HOPMAJILHOI'O
pacipejeseHusi, 1 U3 IyacCOHOBCKOI'O, WM U3 OTPUIATEIbHOIO OMHOMUAJILHOTO.

B npuBeI€HHOM BbIITe 3aMeYaHNN MBI Y2Ke c(DOPMYJINPOBAIN OJHY TUIOTE3Y, U,
110 CYTH, JlazKe TPOBEPUJIN €€, THTYUTUBHO ITOCTPOUB aJITOPUTM TIPUHSITUS PEITeHUs:
ecn 11 ¢ [—2,2], To Hy orBepraercs, nHade OCHOBAHWN CUUTATH €6 HEBEPHOM
Het. /Iyt Toro, 9ToOBI TPOBEPATH DOJIEE CJOXKHBIE TUIIOTE3bI, HAM TOHAI00NTCs
CTPOUTD MOXOKIE AJITOPUTMBI, WM KPUTEPUHN — IIPaBUIa, COTJIACHO KOTOPLIM N0
6ul00PKE JTesTaeTcs 3aK/II09eHne O BEPHOCTH TUIOTE3bI.

Omnpegnenenne. Kpurepuit — 1o crarucrika ¢(X) (T.e. u3amepumast (yHKIUSA OT
BBIOOPKH) co 3Hauenusivu u3 [0, 1]. TpakTyercst Kak «BepOSTHOCTL> OTBEPrHYTH Hy.
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II.H.
Ecm p(X) € {0,1}, To kputepnii Ha3bIBACTCSA HEPAHOOMUSUDOSAHHHLM,
HHAYE — PAHOOMUSUPOCAHHIM.

Samedanue. C HepaHJOMU3NPOBAHHLIM KpUTEpUeM BCE MOHATHO: Ha KazkK oM
peam3aIini BIOOPKH OH JIaST OJHO3HAYHBIN oTBeT, NpuHATh (@(x) = 0) nim
orBepruyTh (@(ax) = 1) rumoresy. Ho uro nenars, ecin o(x) € (0,1)7 Torna Mbr
orBepraem rutoresy Hy ¢ BeposTHOCTBIO ¢(x). [To cyrn, Mbl IpuHIMaeM pelenue,
no/6packiBast (aCUMMETPUYHY0) MOHETKY. [TOHSITHO, YTO HepaHIOMU3UPOBAHHbIE
KPUTEPUH JIy4dllle, HO, K COXKAJICHUIO, HEKOTOPBIE 3a/1a4i He MOJIyYaeTCa PeIINTh,
oTBeYas JUIIb «Ja» U <HEeT».

Kakunm ob6paszom cTpouTcsi Kpurepuii?
Breibopka X = (Xl, e ,Xn) 0bbEMa n — TouKa B npocrpancTse R”. Boraeanm

Takoe MHOKeCTBO S C R™, uro Py (X € S|{Ho BepHa}) <a,rme a € (0,1) —
HEKOTOPOE HAIEPE] 3a/JaHHOEe TUCI0. DTO MHOXKECTBO HA3BIBAETCS KPUMUYECKOT
obaacmuio 1t runioressl Hy. B saTom citydae kputepuit MOKHO ¢pOPMYIMPOBATD
CJIEJIYIOIINM 00pa3oM:

e X €5 = orBepraem Hy;

e X ¢S = wmer ocHoBaHuit orBepratb H(, cauraem eé BepHOIi.
N p(X) = 1(X € ) (nepandomusuposarinvii!).

[To cMmbicy Kpurudeckas o0JacTb — 3TO MHOXKECTBO TaKUX 3HAYEHUIl
BBIOOPKI, KOTOPBIE MAJOBEPOATHBI IIpH ycaoBun ucruaHocTn Hy. [Tostomy mpu
HOIAJAHNN BBIOOPKK B KPUTHIECKYIO 00JIaCTH OCHOBHAsSI M'MIIOTE3a OTBEPraeTCs,
KaK [POTHBOpEYAlliast CTATHCTUIECKIM JTAHHBIM.

KoneuHo, ecjim MbI MOCTPOMJIN KPUTEPUI U BLIOPAN KAaKyIO-TO TUIIOTE3Y, 3TO
He 3HAYWUT, YTO OHA CTOMPOIEHTHO BepHa. MOoKeT OKa3aThCsd, YTO Mbl OTBEPTHYJIN
BEPHYIO, WU IPUHAJIN JIOKHYIO ruriore3y. OmudKM 1pu IPOBEPKe MMIIOTE3 JIeJIsITCs
Ha JIBa THUIIA.

Omnpeaestenne. [oBopsit, aro npousonuia owubka 1-20 poda (false positive), ecm
KpuTepuit orBepr Bepuyto runoresy Hy. BepositHocTs omubku 1-ro poja:

a(S) =Py (X e S|Hy) =P0(X e€9)
Anasiornvano BeposTHOCTE owubky 2-20 poda (false negative):
B(S) =Py (X ¢ S| Hy) = P1(X ¢ 5)

3ameganue. BeposTHocTh ommbOku 1-ro pojia TakzKe Ha3bIBAETCH YPOSHEM
3HAYUMOCTU  Kpumepus. DBblllle MbI TOBOPUJIN O TOM, YTO KPUTHYECKAs
00J1aCTh — 9TO MHOXKECTBO Te€X Peanu3alnii BHIDOPKU, KOTOPble MAaJIOBEPOATHDI
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[PU UCTHHHOCTU OCHOBHOI rumnoresnl. [Ipu momormu o = «(S) Mbl Kak pa3 u
orpe/JieigeM, HaCKOJIbKO MaJIOBEPOSITHO 3TO coObITHE. EcTecTBEeHHBIM 0OpaszoM
1oJIy4aeTcs, YTO BEPOATHOCTh OTBEPIHYTh BEPHYIO OCHOBHYIO T'HIIOTE3Y pPaBHA (.

PesysibraT NpuHSTHS PeIeHust
Hy npungra | Hy orkionena
H, 1 —« «

Hy s 1—-p

Ncernanag runoresa

Ecm 1 — (S) < «S), o monmacrb B S mpu yCJOBUH HCTUHHOCTH
rurnore3sl Hp TpyjiHee, YeM INpU YCJIOBUM MUCTUHHOCTH THIOTE3bl Hj, u TOrja
S — kpurmdeckasi obsiacth ckopee st Hy. Xoresoch Obl, 9T0ObI HEPABEHCTBO

mvesio Bug 1 — G(S) = a(9).

Onpenenenme. Kpurepuil HasbIBaeTCsl HECMEULEHHBILM, €CJU  BBIITOJIHSIETCS
yCJIOBUE

1—p5(5) = a(S5).

B obiiem ciryuae He TOJIyYaeTcs ¢JIeIaTh CyMMY BEPOATHOCTElH OIMMOOK 000ux
POJIOB CKOJIb YT'OJHO MaJIoil, TaK Kak 3a/[adl MUHUMU3AIINN KaK/J 0l U3 OIMNOOK,
KaK IIPaBIJIo, MPOTUBOpeyaT Jipyr JApyry. Hampumep, ecin Hai Kpurepuii Beeria
Oyzer orBepraTh OCHOBHYIO Turnoresy — @(X) = 1, To BEpOATHOCTH ONIHOKN
BTOPOI'o pojia paBHa HyJ0. I HaobopoT, Beerjia npuHuMasi OCHOBHYIO THIIOTE3y —
©(X) = 0, MBI HEKOTJIa HE COBEPIIIM OIUOKY MEPBOro PO/IA.

Koneuno, MOYKHO NIPUBECTHU IIPUMED, IJie eCTh UjeasbHblil Kpurepuii. [IycTh
MbI 3HaeM, 9TO HabJiojlaeMasi ciyJaiiHas BeJIMdnta pacipejesiena paBHOMEPHO
6o Ha orpeske [0, 1] (ocHoBHas runoresa), imbo Ha [2, 3] (anbrepuarusa). Tora
KpUTHIeckoit obsactoio byner S = [2,3], u kpurepuit o(X) = I(z; € [2,3])
OyJileT UMeTh HyJIeBble BEPOATHOCTH OMIMOOK 000uX pojioB. [IpumauHoit ToMy TO, 9TO
00J1aCcTH 3HAYCHUI UCCJIE/YeMbIX CJIyIallHbIX BEJMYUH He repecekaiorcs. OiHaKo
TaKOIl MpuMep BechbMa JIAJIEK OT PeaJIbHbIX CUTYAIINII.

Ecin MbI He MOyKeM MUHEMU3UPOBATH U TO U JAPYTroe, JIOTHIHO 3aDUKCHPOBaThH
OJINH U3 TapaMeTPOB U ONTUMHU3UpPOBaTh ocTaBiiuiics. OObIYHO (DUKCUDPYIOT
YPOBEHb 3HAYNMOCTH, T.€. BEPOSITHOCTH OIIMOKH IIEPBOrO POJIA (.

PaccmorpuM Tak HasbIBaeMble napamempuueckue 2unomesv. Canraem,
9TO BBIOOpKA X B3sTa U3 HEKOTOPOIO IapaMeTpUYecKoro cemeiicrBa F =
{Fy(x), 0 € © CR"}, 0= (61,...,0,).

Ocnosnag runoresa — Hy: 6 € Oy, ©y C O.
Asbrepaarusa — Hy: 0 € ©1, ©1 =0\ O,.
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Omnpenenenune. Mowpocms Kpumepus:

W0, 0) = Epp(X) = / o(2)L(x, 8) dz.!

TzER”

Bameuanue. SameTiM, 9To ecyiu Kpurepnii ¢(X) HepaHIOMU3MPOBAHHBIN (T.€.
IpUHAMAET TOJILKO 3Hadenns 0 u 1, 0JHO3HAYHO peliasi, OTBEPrHyTh WK IPUHSITH
OCHOBHYIO THIIOTE3Y ), TO

W(@,QD) = [Ey (p(X) =1- P@(X € S) +0- ]P)Q(X Q_ﬁ S) = PQ(X € S)

Ecimu 0 € g, 1o Pyp(X € S|Hp) = a(S5).
Ecin 6 € ©1, o Py(X € S|Hy) =1 —-Py(X ¢ S|Hy) =1— 5(5). T.e. ommbknu n

IIEPBOI'0, U BTOPOI'O POJjia MOXKHO BbIpa3UTh depe3 (PYHKIINIO MOITHOCTH.

Pazbepémcst cHadasia ¢ npocteiMu runoresamu: Hy: 0 = 0y, Hy: 0 = 04.
Bajgaanm ag 1 OyjieM UMeTh JIeJI0 TOJBKO ¢ TaKUMU KPUTepusiMi, rje ap = «(.5)
(T.e. BEPOSATHOCTD OMIMOKH TIEPBOTO POJIa HE MPEBOCXOANUT BEJIUINHBI (vy) U OyieM
perath 3a7aay [(S) — min, 9T0 paBHOCHJIBHO MAKCUMU3AIUE MOIIHOCTH TPU

S

6 € ©1 (B mamem ciyuae ©1 = {01}, u mbr marcumusupyem W (60, ¢)).
[Tosyuaem JiBe SKBUBaJIEHTHBIE 3a/[a41 OlpeIe/IeHls KpUTUIecKoii obsacrtu S:

a(S) < a W (0o, 0) = P8y(X € S|Hp) <
B(S) —>mSin — W(by,p) =P0(X € S|Hy) — max
K coxkasienuio, He Bcerjia yaaéTcs pelnTh TaKylo 3aiady, UCIOJIb3ysd TOJIBKO
uepanomusupoBantbie kpurepnn @(X) = (X € S). Tskeno B3oxHEM 1
obpaTuMcst K paHJIOMU3UPOBAHHbBIM.
IlycTb maHa BbiOOpka X = (X Lyeo- ,Xn), OTHOCUTEJIHHO KOTOPOIl BBIJBUHYTO
JIBe MPOCTBIX IMapameTpudeckux runoresnl: Hy: 0 = 6y u Hy: 6 = 6;. Bes

OrpaHiyYeHnst OOIHOCTH OyJIeM MPe/IIoIaraTh, 9YTO CyIIeCTBYeT MI0THOCTE fo(T)
i yHKIwn pacupenesenust Fo(x) = Fp (), coorBercrytommeit rumorese 6 = 6y,
I CYIIeCTBYeT mioTHoCTh f1(x) mist yukimn pacupenenenus Fi(x) = Fy (x). B
JIICKPETHOM CJIydae BCe Pe3y/IbTaThl aHAJIOTMIHbI.

Ecsm Bepna runoreza Hp, To pyHKINA TpaBIoNo 100U BHIOOPKH X HMeeT

BUJI;
n

L(X,00) = L (X) = [ /1 (X2) .

1=1

'HamomuHaeM, 410 1pu GUKCHPOBAHHOM € (DYHKIIS IPABIONON00Ns SIBJISIeTCSI BEPOSTHOCTHON Mepoi Ha
BBIOOPOYHOM IIPOCTPAHCTBE.
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B nporuBHOM cirydae

L(X,6y) = Lo (X) = H fo (Xi).

3amedaHue. BepositTHocTh  OomMOKHM  1IePBOrO U BTOPOIO  pojga s
PaHIOMU3IPOBAHHOIO KpuTepus Oyjem obosHadaTrh a(p) u B(¢) COOTBETCTBEHHO.

[TocunTaeM BEepOsITHOCTH OMIMOOK, MUCIIOJIB3YsI TO, YTO HpHU KakjgoMm xr € R"
3HAYEHNE Y(T) — 9TO BEPOSATHOCTH OTBEPrHYTH Hy.

Py(Hy oreepruyra|Hy sepra) =P 0 (Hy) = / o(z)Lo(z) dz = a(p)

reR?

Py(Hy npunsira| Hy HeBepHa) =P1(Hy) = / (1 —p(x))Li(x) dz = B(p)

zeR”

W (0o, ¢) = a(e)
W(b1,0) =1—B(p)

Torma 3a1a1a TOCTPOEHNUS CTATHCTUIECKOT0 KPUTEPHs OyaeT (hopMyInPOBATHCS
CJIEJIYIOIIUM 00pa30M:

a(p) < a W (o, p) = Eg, 9(X) = Eo p(X) <
Ble) s min T\ W(Bh9) = By, o(X) = E1p(X) - max

Takum obpazom, 3aj1a4ua 3aKJII0UAETCsS B TOM, YTOOLI HaliTH HambOJee MOIIHbIN
KPUTEPUil, KOrjia BEPOSTHOCTh OIMMOKK MEPBOTO POJia HE MPEBOCXOIUT HEKOTOPOIO
3a/JaHHOT'O IIOPOroBOI'0 3HadeHusi. Perenne cpopMy/IMpPOBaHHBIX 3a/iad JIaéTcsd
nemmoit Heitmana—ITupcona.

Jlemma Heitmana—IIupcona. Ilycmo oy € (0,1). Beedém ommowenue

Ly(X)
Lo(X)
BEPOATIHOCTIU  OWUOKY  NEP6020  poda og Haubosce MOwHLT  Kpumepud

Pynryuti  npacdonododbus 1(X) Tozda npu  purcuposarroli
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(coxpawsernno HMK) umeem sud

1, ecaul(X) >
o' (x) =1q¢e, ecrul(X)
0, ecaul(X)<

C
C
C
2de xoncmanmor C' u € A6A810MCA PEWEHUAMU YPABHEHUA «BEPOATIIHOCTID oWUOKU

nep6o2o poda das Imozo Kpumepus pasra ag»: o (p*) = ayp.

Bameuanue. Eciin jijisi HEKOTOPOIT pean3aiiny BbIGOPKU Oy UUTCST TAK, ITO
Lo(x) = 0,L1(x) > 0, To npocro Oyjuem cuurarb, uro l(x) = +oo > C, u
runiore3y Hy Ha/l0 OTBEPrHYTh.

JlokazaTeabCcTBO.

1. IMokaxkem, uro KoHcTaHTbl C' U £ MOIYT ObITh HANJEHBI U3 YDABHEHHUSI
a (¢*) = ap. BameTnM, 9TO

a(p*) = Py (Z(X) > c) L eP, <Z(X) — 0)

Ornomenne mpasononoduii [(X) — ciayuaiinast Besmanua. st yaobersa
obosnaunm 1 = I(X). Ilycre F), g,(x) — dbyHKIUA pacipejesenus 3Toii
BeJIMUNHBI B IPEANoIoKennn, 9ro Hy Bepna.

Torna

@ () = 1= Fyy(C +0) + £( Bty (C + 0) = Fyy ()

[Tycts g(C) = 1 — F, 5,(C), xoncranry Cp,, MOXKHO BbIOpATh TaK, YTOObI
OBLIO BBITIOJHEHO HEPABEHCTBO:

g(Cao + 0) < Q) < g(Cag)

07 cCJIn g(COzo + 0) - g(Oozo)
€ap = Gy —4g (Cao + O)
9(Cay) — 9(Cq, +0)

€ [0,1], ecmm g(Cy, +0) < g(Cy,)

B obonx CJIy4dadX BbIIIOJIHEHO paBEHCTBO:

apy = g(Cao + O) + €qy (g(Cao) - g(Cao + 0)) =« (90*)
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2. JlokaxkeM, 9to * () — Hanbojiee MOIIHBIN KPUTEPHUIi.

Bribepem J11000ii Jipyroii Kpurepuii g?)(:zj) TaKOIi, 4TO 04(95) <, U CPABHUM €€
¢ kpurepueM ¢*(x). 3amerum, 4To JijIs JIIOOOTO X CIIPABEINBO HEPABEHCTBO:

(" (x) — @(2)) <L1($) - caoLo(a:)) >0

Torna

/(90*(33) —p(x)) (L1(I) — CaoLg(x)> dx > 0

Rn

PackpoeM cKOOKH 1 IIpeodpasyeM:

[e@n@ds- [ o)L o>

R~ R~
> Co, (‘R/ o () Lo(x) dz — / 5(2) Lo(z) de

Rn

V
o

[Tocneanee Bepro, T.K. a(P) < ag = a(*).

Cuenosarensno, W (61, ¢*) — W(b1,8) = Co(a(¢*) — a(9)), orxyaa
TTOJTy IaeM HEPABEHCTBO:

W (917 90*) P W(ela 95)
Yro 1 TpedboBaAIOCH JOKA3ATD.

3amevanue. Bce BhIllleckazaHHOEe OTHOCUTCS K CJIydalo, KOTJla MbI IIpOBEPSeM
JIBe IIPOCThIe IUIoTe3bl: ocHOBHYIO Hy: 6 = 6y u anprepuaruBy Hi: 0 = 6. B
caydae CJIOYKHBIX THITOTE3 cieayeT 3auKCHpoBaTh HEKOTOpBIE By € O, 01 € O
1 IpuMeHnThL JemMMy Heitmana—IInpcona yxke g mpocThix rumotes. Ecan B
pesyJibraTe IMOCTPOEHHBIN KPUTEPUil He 3aBUCUT OT 3HAYEeHUsI f1, TO OH HA3LIBAETCS
pasromepro Haubosee mousHvm kpumepuem (cokparnéano PHMK),

2.11 Kpurepunu coryiacus Kosmoroposa u y?

IlycTs juta HabsoiaeMoro pactpejesieans P& nana Boibopka Xi, ..., X,
nposepdeTcs 2unomesa o eude pacnpedenerus Hy: Fe = Iy, riae Fy n3secTHa;
anprepnarusa H; : Fy # Fy.
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Kpurepunii corsacus x> Ilupcona

Pazo0béM drc/IOBYIO OCh Ha k TIPOMEKYTKOB —00 = g < a1 < ... < @) = 00,
A; = (a;_1, a;] 1 IOCTPOUM CTATUCTHKY X2:

2
2(X) (HabJTI0TAEMOE — OXKITAEMOE ) i i
X) =) =
OJKIIACMOe
i=1 A i=1 np;
rie n; — 9ucao  3aUKCHPOBAHHBIX HAOJIOACHWII B 4-M  HMHTEpBAaJIe,
0 -
pz(- ) = Fy (a;) — Fo (a;—1) — BeposATHOCTH TOmaIaHust HAOTIOIEHNsT B -if HHTepBaJl
0
IPY  BBINOJHEHNN T'uioresnl Hy, npi. ), COOTBETCTBEHHO, OKUIAEMOE YUCIIO
HoIaIaHnil B ¢-i1 mHTEPBAaJI.

PopMyJIMPOBKA KPUTEPUS JIJIsI IPOCTOM T'MIIOTE3bI:
Pacemorpum mpocryto runoresy Hy: Fe(z) = Fy(x).
o Eciu sepna runoresa Hy, To X2 (X) % X3 4, e k — 4meso unTepBasion
pa30oueHus. e

—92 II.H.
e BEcim Bepna runoreza Hy, To Y° —— 00.
n—o0

Bribepem ypoBeHb 3HAUUMOCTH (T.€. BEPOSITHOCTBH OIMIMOKU [EPBOrO POJIA)
2 2
a € (0,1). Obnacts (Xj 11 4,00), DI Xj_ 11 o — KBaHTHIbL nopsjka 1 — a
pacnpesenenus x? ¢ k — 1 cTeneHsMu cBoOOJbI, ABJISETCA KPUTHYECKON st
runore3nl H.

[IpaBujio npoBepKu IUIIOTe3:
e Ecm ¥ (X) > x%_,,_ ., To Hy orkjionsiercs;
o B 32 (X) < X%_l |—o» TO JJIL OTKJIOHeHHs H(j HET OCHOBaHMUIL.

Cl—a

DakTHUeCKH KpUTEPHil % IIPOBEpseT 3HAUMMOCTD PACXOZKICHUsT IMITHPUICCKUX
(HAOTIONMAEMBIX) W TEOPETHICCKHX (OKMIACMBIX) YacToT. PaccMorpum  ero
IPUMEHEHIe Ha CJIC/YIOeM puMepe.
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IIpumep. [Ipu 4040 6pockax moHeTH MaTeMaTnK bBroddon noayaunn ny = 2048
BBINIQJICHUS «repbay 1 ng = n — Ny = 1992 BemajeHus «pemkus. [IpoBepum,
COIJIACYIOTCH JIU JIAHHBIE C TUIIOTE301 0 TOM, 4TO MOHETa CUMMeTpuYHa, T.e. Hy: p =
1/2. Msl nccienyem OepHYJUINEBCKYIO ciydaiinyto Bejmunny £ ~ B, = Bij,.
Owna npunnmaer jmmb 3uadenns 0 u 1. Boibepem mpomexytku (—0.5,0.5) u
(0.5, 1.5) (wmm srobble apyrue jaBa, comepzkaime 0 u 1 coorsercrBenHo). CormacHo

LPEJIIOJIOKECHUIO, P = pg()) = pg)) = 1/2. TlojicunraeM 3HaUeHNE CTATUCTHKA X% :
i (n; — npgo))2 B (ny — np)? N (ng — np)? B 282 N 282 .84 0.776
~ " np 2020 2020 1010 ~

_ e 2 o 2 ~
[Tonoxkum yposens 3naunmoct o = 0.05 n Hafi1éM KBaHTUIIb Xi—11-a = X1,095 ~
3.8415. CpasuusaeM nosydennoe: 0.776 < 3.8415. Jlesraem BBIBOJI, UTO JAHHBIE HE
IIPOTUBOpEYAT TUIIOTESE.

Kpurepuii \? 1/ CI0KHOIi TUNOTE3bI.

Pacemorpum cioxuyto runoresy Hy: Fe(z) € Fy = {F(z,0): § € ©}. Kak
U B IIPOCTOM CJlydae, CIPyIIUpyeM JaHHble B k WHTepBasoB. TeopeTndeckue
BEPOSITHOCTU TMONAIAHNS B MHTEPBAJIBI Teleph He OYIYT 3a/aHbl OJIHO3HAYHO, &
IPEJICTAB/ISIOT c000# HeKoTopble (hyHKIMU OT apameTpa 6. [losromy craTucruka

(o ml'0)

P:Z 0)

i=1 np; " (0)
ODTa CTATUCTUKA 3aBUCHT OT HEU3BECTHOI'O IIapaMeTpa; CJIeJOBATe/IbHO,
HEIIOCPEJACTBECHHO MCIIOJIB30BaThb eé,HHH IIOCTPOCHUA KPpUTEPHUA IIOKa HEJIb3d —
Tpe6y€TCH CHa4daJla MCKJIOYUTH HeOHpeﬂeﬂéHHOCTb,CBHSaHHYK)C HEN3BECTHBIM
napamerpom 6. st 5Toro 3aMeHsitoT 6 HEKOTOPBII OIeHKOI 6=0 (X) u mosygator

—_ zn: (ni - npﬁo)(é))2

i=1 npz('()) (é>

(0) siBaSTIOTCST CITyIATHBIMI BEJIMIUHAMUI, U Mbl

MeEeT BT

CTaTUCTUKY

(0)
i i
HE MOYKEM YTBEpZKJIATh, YTO Paclpee]eHne CTaTUCTUKU Y2 OyIeT CTPEMUThLCA K
X%_l. Bostee Toro, ciemyer oKugaTh, 9TO pacripejiesieHne Toi CTaTHCTUKN (€eC/Ti

Ho, Boob11ie roBopsi, Tenepnb p

OHO CYIIECTBYET) OYJIET 3aBUCETH OT CIOCO0DA MOCTPOEHMUST OIEHKI 6.

K cuacteio jgjs1 Hac, anrymiickuii craructuk Ponaspia @uinep emé B
1924 romy nokasaJi, 9TO CYHIECTBYIOT METO/bI OlIEHUBAHUSI apamMerpa 6, mpn
KOTOPOM IIpeJieJIbHOE pacHpee/ieHe NMeeT MPOCTOil BUJI, a UMEHHO SBJIsSIETCs
pacipeje/ieHueM X%_l_r, rje r — PasMepHOCTh OlleHnBaeMoro mnapamerpa. Oann
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U3 TaKUX METOJOB HCIOJIb3yeT MYJIbTUHOMUAJILHYIO OIEHKY MaKCHMaJIbHOIO
IIPaBI0II0100MsI.

ITpumep. Cieyromnias 3ajiaua BOSHUKIA B CBsi3u ¢ bombapuposkamMu JIoH10Ha BO
BpeMsi Bropoit MupoBoit BoiiHbl. st yirydiieHust opranusaiun 000POHUTETbHBIX
MEpOIPUATHI, HEOOXOMMO OBbLIO IOHATH IIeJib POTUBHUKA. JLst 3Toro
TEPPUTOPUIO TOPOJIa YCJIOBHO PA3AE/JNIN CETKON 13 24 rOpU30HTAJLHLIX W 24
BEPTUKAJLHBIX JTUHUI Ha H76 paBHBIX YIaCTKOB. B TedeHnn HEKOTOPOTO BpeMeHN
B IIEHTPe OopraHu3aiun oOOPOHbI Iopojia cobupasiach THPOPMAIUS O KOJIUIECTBe
MONaJIAHNI CHAPS/IOB B KayK/IbIIT U3 YUYACTKOB. B MTOre OBLIN TOTyYeHbI CIeTyIONTIe
JAHHbIE:

Yucso monaganmit 0 1 123 (14(5]6
Konnuectso yuactkos | 229 [ 211 193 135|700 |1

CdopmysimpyemM OCHOBHYIO I'MIIOTE3Y: CTpesibba ciydaiina (HeT «I1eJIEBBIX»
Yy4aCTKOB). B TakoM cjrydae KOJMIecTBO MOMAIAaHI B yIACTOK MOYKHO OIMUCATD
pacupepenenneM [Iyaccona — OHO MOJE/IMPYET YKUCI0 COOBITHIA, IIPOM30IIEIIITNX
3a (PUKCUPOBAHHOE BpEMsl, IIPU YCJIOBUU, YTO JAHHbIE COOBITHUSI ITPOUCXOIAT C
HEKOTOPO#l (PUKCUPOBAHHOI cpejiHell MHTEHCUBHOCTBIO U HE3aBUCHUMO JIPYT OT
apyra. T.e. Hy: F(x) ~ Poisy.!

BricunTaeM TeopeTndecKne BEpOATHOCTH:

i

A
p =P{S =i} = Ze
1.

riae S — qucsio nonaganuii, A & 0,924 (myavmuromuasvnas OMII).
O603HaYMM 32 7N; KOJUICCTBO YYACTKOB, Ha KOTOPbIE IPUILIOCH ¢ ITONa 1A Uil
1 COCTABHMM HOBYIO TaOJIMILy JJId IPUMEHEHNsI KPUTEPHs.

7 0 1 2 3 1 5 6
n; 229 | 211 | 93 | 35 7 0 0 1

ni-p” | 226,7 | 211,41 98,5|30,6 | 7,14 | 1,33 | 0,21 | 0,03
n; -tV | 228.6 | 211,3 | 97.6 | 30,1 8,46

[Ipezk ie YeM BBIMUCIATH CTATHCTHKY X2, MBI 00'be[HHIIII 4 TI0CTIeTHIX COOBITH
C HU3KUMU 9aCTOTAMU B OJHO (COOTBETCTBEHHO, k = 5) U mepecunTas HOBbIE

(0)
i

B stoum ciayuae Y2 ~ 1,05. T.x. k = 5, To 110 Tabiuie pacupeieeHnsa X HaXoIIM
COOTBETCTBYIOMMIT ypoBeHb 3HaunMocT o = 0,79. I'mnoresa o HUBKOI TOYHOCTH

CTpeJIb6bI HEe OTKJIOHAETCHI. HOCMOTpI/IM TeHepb Ha KBaHTUJIN pacnpeﬂeﬂeHHH
2 2.
Xk—1—r — X3-

TEOPETUYIECKNE BEPOATHOCTHU ﬁ 1, COOTBETCTBEHHO, HOBBIC OXKHMJaeMbIC 3HaAYCHMIA.

pumep B3at u3 Jaeymun M.B. Harnsanas MaTeMaTuuecKas CTATUCTHKA: yueOGHOe mocobue. — 2-e 3.,
uctip. — M.: BUHOM. Jlaboparopust 3uanuii, 2009. — ctp. 278.
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1—a 0,025] 005 ] 01 | 02 ] 03 | 05 ] 09 | 095 0,99

Kpantib y2 | 0,216 | 0,352 | 0,584 | 1,005 | 1,424 | 2,366 | 6,2514 | 7,815 | 11,345

Hazxe ecam mbl BbiOepeM « = 0,7 u OyaeM oTBepraTh BEPHYIO OCHOBHYIO THIIOTE3Y
¢ BeposgTHOCTBIO 0,7, KpuTepuil 2 Bcé pasHo npumér Hy. To ecTsb, cooTBeTCTBHE
I'UIIOTE3bI ¢ HAOJII0IaeMbIMI JIAHHBIMI OYeHb XOPOIIIee.

OOparuM BHEMaHHE Ha HEOOXOIUMOCTb OODbEINHEHUs] MAJIOBEPOATHBIX
IIPOMEYKYTKOB: €CJIM OCTaBUTL k = 8, To X2 A2 32,6, 4T0 3HAYUTEILHO BEJIUKO JIazKe
Ha yposHe o = 107°. TlomobHas ommOKa KpuTepus x> BepOsATHA Ha BCEX BBHIOOPKAX
¢ HUBKOYACTOTHBIME coObITUsIME. [Ipobiiema pemaercs udbo oTOpacbiBaHuEM, JTHO0
ob0beIMHeHneM JTaHHbIX COOLITHUIA.

PexoMeHIyeMBle YCJIOBHS IpUMeHeHNs KpuTepus coriacus 2 [lupcona —

n>50,n =>25Vi=1k.

Kpurtepnit Kosmoroposa

Hamoxxkum JOIIOJIHUTEJIbHOE YCJIOBUE Ha MCXOJHYIO 3aJa4y IIPOBEPKU I'MIIOTE3bI
Hy: Fg(l’) = FQ(ZU) — Fo(l') € C(R)

Paccmorpum cratuctuky Kosimoroposa:

D, (X) = sup |/ (z) — Fo(z)]
zeR
DopMyIMPOBKA KPUTEPHSL:
e BEcin Bepua runoresa Hy, o D, (X) === 0;

n—oo
o Ecim Bepna runoresa Hy, t.e. Fe = G # Fy, 10

Dy, (X) —— sup|G(x) = Fy(z)| > 0

n—oo TER

Jlemma. FEcau eunomesa Hy eepna, u Fy(z) € C(R), mo pacnpedeaenue

cmamucmuku D, = sup|F(z) — Fo(x)| ne sasucum om nabarodaemozo
reR
pacnpedeseHu.

[Ipu GosbIIX 1 TPUMEHsIeTCs ACUMIITOTHIECKIH TTOIXOT.

Teopema Koamoroposa. Ecau eunomesa Hy sepna, u Fy(xr) € C(R), mo
UMEET, MECTNO CTOOUMOCTID:

n—oo

P{VnD,(X) <z} — K(2)=1+2 f:(—nme—?mzf
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Haxonnum koncranty dy_, Kak perienue ypapuerust K (di_,) =1 — a.
[IpaBuio IpoBEpKU TUIIOTES:

e Eciu /nD,, (X) € (di_q,0), TO runoresa Hy orBepraercs;

e Ecm /nD,, (X) ¢ (dy_q4,0), TO Tunioresa Hy IpUHIMAECTCS.

ITpumep. Cpean 100 crynenroB BMK 0Obia nmposejiena kontposbHast 1o TBuMC.

KonuuectBo peménnbix 3a1a4 |1 |2 |3 |4 |5
Yacrora 18116262218

Ha yposne 3naunmoctn v = 0,2 ¢ omorpio Kpurepus KoMoroposa onpejienTh,
OJIIMHSIOTCS JIN JIAHHBIC BBIOOPKN Ha mHTepBaJie [0, 5] paBHOMEPHOMY 3aKOHY
pacupegeaeHnsd CJay4aiiioil BeJnInHbI.

almuiieM TeopeTndecKyo (OYHKIINIO pacipeaeaeHus:

0, x <0
Fo(z) =< 2/5, 0<2<5
1, r >D

CocTaBuM cJieIyIoNy o TabJInILy:

zi | F(x) | ni | F() | [Folzi) — Fy ()]
11 02 [18] 018 0.02

2 04 16| 034 0,06
3106 [26] 06 0

1] 08 [22] 082 0.02

5) 1 18 1 0

Otrciona Dy(x) = sup|FF) — Fy(z)] = 0,06, /nD,(x) = 0,6, uro menbIie
e

kputndeckoro 3Hadenus 0,65 dbyunkmun Kosmoroposa nmpu ypoBHE 3HAUNMOCTH
a = 0,2, ciaejloBaTesIbHO, TUIIOTE3a O PABHOMEPHOM paclipe/leIeHUN ITPUHUMAETCS.

2.12 CratuctudecKue BbIBOABI O ITapaMeTpax HOPMAaJIbHOT'O
pacnpegesienus. Pacnpegesienuss x> u CTblojeHTa.
Teopema Pumniepa

Onpenenenue. [oBopsaT, 4To caydaiinasg Beandnia £ IMeeT 2aMMaA-PaAcnpedesenue
¢ mapamerpamn A > 0, a > 0 (mm & ~ I'y ), ec/im € nMeer cJie/yIontyio IOTHOCTD

pacipeiesIeHus:
0, r < 0;
pg(l’) o a—1,-Az

c-x* e M x>0,
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'€ IIOCTOAHHasA C BbIYUCJIACTCA U3 CBOIICTBa HOPMHPOBKH IIJIOTHOCTH:

1= /pg(x)dx = c/xa_le_”\xdx = )\—Ca /()\x)a_le_’\md(kx) = )%F(O‘)’
—00 0 0
otryna ¢ = A*/T'(«).
Jdemma. [Tycms &1, ..., &, nesasucumot, u & ~ Ty, i = 1,n. Tozda ux cymma

Sn — 51 + ...+ fn ~ F)\,ozlJr...Jran-

HokazareabcTBo. Haiijém i1 Havyasa XapaKTePpUCTUIECKYIO (PYHKIIUIO
raMMa-pacipeaeeHnsd:

(0.¢] (0. ¢]

: A gt : = —(\—it)x
it _ —x itz _ Y
/pf(x)e = / M) © ° e ‘ dy = —(\ — it)dx

—0o0 —0o0

= 2\ ya—l L 1 2\ = ya—l B 1 @
dy = Y dy = .
/(/\—it)a—ll“(oz)e —atY (A—z't)a/r(a)e Y — i

A

Terepb BCIOMHUM, 4TO ecju & U 1) HE3aBUCUMBL, TO fein(t) = fe(t) f,(t). Torna,
ecJIN y HaC eCTh He3aBHCUMBbIE CJIydaifible Besimansbl &1, . .., &y, & ~ (A, ), To
XapakTepucTuieckasi (PYHKINsT CyMMBbI BbIParyKaeTCsi CJIEYIONINM 00pa30oM:

o1 Qo a1t Fag
1 1 1
T R T - T
A A A

[Io Teopeme JleBu O HENPEPBIBHOCTU 3aKa0YaeM, 4YTO CYMMa HMeeT
pacrpejenenne I'( A, aq + ... + ay,). |

Jlemma. Ecau & ~ No 1, mo €2 ~ [i/2.1/2-

HokazarembcTBo. Haiijém  dyHKIUIO  pacipejesieHns — CJIydaiiHoil
BeJIMUUHDLL 1) = £2:

P < x) =P(|¢] < Va) =2P(0 <z < V) =

vz ] 2 = u? u=+z
2 eV /2 qy — dz = 2udu du = 92 —
/\/27T B _ - 2vz B

0 u=0= 2=0 u=\r = z=ux

xT T

D=

1
7

1 1 dZ
=2 ¢ 27 — [ 2L T =2,
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DO —

Ho sT0 B TOUHOCTN (DYHKIMSA raMMa-pacipejie/ieHus ¢ mapaMeTpamMu A = 5, @ =

(Beas I (3) = V7). .2

CaencrBue. Ecau &y, . .., & nesasucumvl u & ~ No 1, mo cayuatinas eesuiuna
2 _ ¢2 2
=8+ &~ Tiygpe

Onpenenenne. Pacipeenenne cyMMbl k KBaJIpaToB HE3aBUCUMBIX CJIYYaliHBIX
BEJIMYUH CO CTaHJapTHLBIM HOPMAaJbHBIM  paclpejejeHneM  Ha3bIBaeTCs
pacnpedeseruem ru-xeadpam ¢ k cremersiMu ¢cBOOOIbI (0OO3HATEHHE: X%)

[L1oTHOCTH paciipejiesieHnsd X% nMeeT BUJ

1
fly) = § 2"°T'(k/2)

0, ecim x < 0

kg _
w2 e 2 ecm x> 0

2 _ _
Bameuanue. x; = I'1/21 = Exp .
CaoiicTBa pacrpeeseHus x°.

1. Ecau cayuatinee ceaununnt £ ~ X3 U Eo ~ X2, NE3A6UCUMDL, O UT CYMMAQ
2 .
§1+ 82~ X

2. Ex2 =k, Dy*=2k.

3. Iyemv dana nocaedosamenrvrocms cayuatinor eesunun X>. Tozda npu

n — oo: ) )

X P Xn— N d

R 1, L > No1

n n—oo \/2n n—oo ’

4. Ilyemo cayuatinoe sesununot &1, . . ., &, nesasucumv, u & ~ Ng 52. Toeda
k 2
, o g
1=1
Onpepenenne. Ilycts &y, &, ..., & nesasucumel u & ~ Ny;. Pacupenesenne

CJIYYaHON BEJIMYNHDBI

ho_ & _ &
/§%+.].€.+§,§ Vai/k

HasbIBaeTCsA pacnpedeneruem Cmurodenma (t-pacnpedesenuem ¢ k CTElEHIME

coboypt (St(k) mmn Ty).
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[InorHocTh pacupenenenns T nmeer BuI

I'((k+1)/2) (1 N yz> ~(kH1)/2

fely) = ?

- VrkD(k/2)
CsoiicTBa pacupejeineHnsa CTbIOJeHTA.

1. Pacnpedesenue Cmurodenma cummempuyro, m.e. ecau ty ~ T, mo —ty ~
T).

2. T — NO,I-
k—o00

3.V pacnpedenenus Cmwvrodenma T cyuecmsyrom moavko Momermo, nopadka
m < k, npu amom 6ce cyuecmsyowue MOMEHMbL HEUEMMH020 NOPAIKA PAGHDL
HYA10.

Teopema @umiepa. [[ycmv cayuatinvie sesudunvt X, . .., X, HE3a8UCUMDL U
X; ~ Ny 2. Tozda:

1. yn

g tn-ysi _ g~ (X X)

2
02 o2 ~ Xn-1
=1

—a
— ~ Ny

3. Cayuatinve seauvunse X u Sy He3a6ucuMbL.

Caencrsue. [lycmov cayvatinoe seauvunv, Xy, . .., X, nesasucumo, u X; ~ N ;2.
Tozda:

1. Jn

n

2.3 (Xi(;“)2 ~ X2 (Ons 0 npu useecmmom a)
i=1

L 2
—~ ~ Ng1 (daa a npu ussecmmom o°)

g (=)SE

o2

NG

~ X2 | (0aa 0* npu neuseecmmom a)

_q 2
5~ Lo (Oas a npu neussecmmom o)

CraTucrnyeckue BbIBOJIbI O ITapaMeTpaX HOPMaJIbHOI'O paciipeAdejieHuAa

Ilycrs Xy, ..., X, — BbpiOOpKa 0O0béMa n U3 pactpejesnenns N, ,2. ITocrponm
TOYHBIE JJOBepuTe/bHbIe nHTepBasbl (JIV) ¢ ypoBHEM [10BepHs v JIJist TapaMeTpoB
HOPMAJILHOT'O PACIIPE/Ie/IeHIsI, CIIOIb3Ysl CJeJACTBIE 13 TeopeMbl DPuiiepa.
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1. IV asig a Ipu W3BECTHOM 02

_ — 1
]P>(X—£<a<X+2 +ta
mn

<o ) w15
2. ]I nna o npu u3BecTHOM a:

nS? 1 —
1 2
—5 ~ X e Sf = 5;(&—@)

[lyctb g1 M go — KBaHTW/IM pacupeleeHus Y2 ypoBHeil 1_Ta u HTO‘
COOTBETCTBEHHO. Tora
(n—1)S5 2 2 RN )2
T g2 T Xe-n TC So = n—lz;(Xi_X)
1=
3. JIN nns o npu HEW3BECTHOM a:
(n —1)S7 2 2 1 ¢ ) 2
T g2 " Xe-p MO So = n—lz;(Xi_X)
1=
[lycth g1 M gy — KBaHTWIM paclipejiesienuss Y2 | ypoBHeil 1770‘ u HTO‘

COOTBETCTBEHHO. Toraa

o (o< B2DE ) p (0o (oD

o? g2 g1

4. W jj1s1 @ IpH HEN3BECTHOM 072

X —a
So

\/ﬁ ~ Ty 1

-«
[lycts ¢ — xBanTuib pacupejenenust T, 1 yposust —5=. Pacupeenenue
CTbIoJIeHTa CUMMETPUIHO, TIO9TOMY

azIP’(—c<\/ﬁX S

—a — ¢Sy —
—_pl(x -0 X o+ 20
So <C) ( \/ﬁ<a< Jr\/ﬁ)
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JlonosiHUTEAbHBIE rJIaBbl
TEOPUN BEPOATHOCTEN

A.1 VYcuiaeHHDBIN 3aKOH OOJIBIIINX YMCeJl

YcuneHHbIii 3aKOH OoJsbimux 4mcesi B ¢popme Koamoroposna. [lycmo
1,6,...,&, ..., — He3asucumvie 00UHAKOBO PACNPedeséHHble  CAYUATIHDLE
seauvurv. Tozda

n—oo 1,

1 n
1. Ecau cywecmeyem E& = a, mo P(lim —Z& =a)=1.
i=1

n
1 n.n,
Hnvmu crosamu, — g & — a.
n
i=1

1
2. Ecau cywecmsyem lim —
n—oo N

n
Z& = a, mo cyuecmeyem K& = a.
1=1

A.2 (O0600méenHOE HEPABEHCTBO eOhIIIEBA

O60061meénnoe HepaBeHCTBO HebObnméBa. [[ycmv dynkuua g ne yovieaem u
neompuyamenvua na R. Ecau E g(€§) < +o00, mo das moboeo x € R

Eg(¢)

P& > x) < 2(@)

Hoxka3zarenbcTBo. Samerum, uro P(& > x) < IP’(g(S) > g(az)), LIOCKOJILKY
dynknna g ne yonsaer. OLEHUM OCJIEIHIO BEPOSATHOCTL 0 HEPaBEHCTBY
MapkoBa, KOTOpoe MOKHO IIPUMEHSATH B CUJIYy HEOTpHIaTe bHoCTH g(1)

|

Hcnonn3yst 3Ty TeopeMy, MOKHO HOJIYUNThH SKCIOHEHINAILHO YOLIBAIOILYIO

OIIEHKY (B TO BpeMsl KaK OLEHKHU 110 HepasecTBaM UebbiméBa 1 Mapkosa yObIBaOT
10 CTEIIEHHOMY 3aKOHY ).
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Tabuibl

OCHOBHDBIX

pacupeaejIeHnn

Tabma B.1: JluckpeTHble pacrpejie/ieHus.

Pacmpesenenue P& = k) E¢| D¢ o(t)
Bepnymm B, PE=1)=p "
+ pe'
pe (1) P=0)=q | | "] 17
bunomuasnsnoe Bi, ) CF (1 — ) | mp | n (q + peit)”
pe(0;1), n=1,2,... nb b b\ npa) TP
ITyaccona Poisy AR \ Aeit—1)
\ = 0 e A e
['eomerpuueckoe Geom,, b1 11 q D
pe(0;1), k=1,2,... Pq | p? 1 — gett
Otrpunaresbnoe ounomuasibioe NB,. ), C M T A p '
pe(0;1), r=1,2,... -1k Pl p | p? 1 —ge’

Tabmma B.2: AGco/IioTHO HepepbIBHbIE PACIIPE/ICICHUSI .

Pacrpejiesienne fe(x) E¢ D¢ o(t)
2 ith __ ita
Pagromeproe Uy, y 1 Iz € [a: b)) atb|(b—a) ? —c
a<b b—a 2 12 it(b — a)
[Tokazarenbnoe Exp, Y 1 1
Ae M I(x >0 — — —
A>0 e 1z >0) X\ 22 1—it/\
Tavma Iy 4, AY o 1 )
s [0} x I O _ N
a>0A>0 D@t ¢ =003 A2 1 —it/\
Hopwmaisibnoe N, 52 1 o~ (2-0)%/202 4 o pit—0?t?/2
a € R, o>0 o\ 27
Komm Cajo’ l g ait—olt|
acR,o0>0 T 02+ (z —a)? ) €
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Tabnumna B.3: @umeposckas nadopMaliusi, cojeprkaliasicss B BLIDOpKe pasmepa 1.
MOJ:Leﬂb N9702 Nuﬁz Fg’a 09702 Bikﬁ POng NBT’Q
1 2 Q 1 k 1 r

(0 i A A I
WO = m e 3 sa—e| 8 |aa—o¢

Tabma B.4: DddekTuBHbIE OIIEHKN B PErYJISIPHBIX MOJIE/ISIX.

Mogens | 7(0) 7(X) D 7(X)
- 2
Noo2 | 6 X=1yx 7z
i=1 n
2 91w 2 26"
N .02 0 ST =23 (Xi—n) —
i=1 n
. 1 X 1
b.a ] o anb?
B ; X 0(1 —0)
had & kn
_ 0
Poisy 0 X —
n
NB 0 X 0
S T rn(l — 0)?

106



	Теория вероятностей
	Вероятностное пространство. Операции над событиями. Свойства вероятности
	Условная вероятность. Независимость событий. Критерий независимости. Формула полной вероятности. Формула Байеса
	Случайная величина. Порождённое и индуцированное вероятностные пространства. Функция распределения, ее свойства
	Дискретные, сингулярные и абсолютно непрерывные функции распределения и случайные величины. Плотность распределения. Теорема Лебега о разложении функции распределения
	Числовые характеристики случайных величин: моменты, математическое ожидание, дисперсия. Их свойства
	Числовые характеристики случайных величин: квантили. Медиана и ее свойства. Интерквартильный размах
	Испытания Бернулли. Биномиальное распределение. Теорема Пуассона. Распределение Пуассона
	Испытания Бернулли. Геометрическое распределение. Теорема Реньи. Показательное распределение
	Испытания Бернулли. Теорема Муавра– Лапласа. Нормальное распределение
	Совокупности случайных величин. Совместная функция распределения. Независимость случайных величин. Критерии независимости. Ковариация, коэффициент корреляции
	Неравенства Маркова, Чебышёва и Гаусса. Правило «трех сигм». Закон больших чисел в форме Чебышёва
	Виды сходимости последовательностей случайных величин
	Характеристические функции и их свойства
	Закон больших чисел в форме Хинчина
	Центральная предельная теорема
	Условное математическое ожидание

	Математическая статистика
	Статистическая структура. Выборка. Статистика. Порядковые статистики. Вариационный ряд. Эмпирическая функция распределения
	Точечная оценка. Несмещённость, состоятельность, оптимальность. Теорема о единственности оптимальной оценки
	Выборочные моменты. Их свойства
	Функция правдоподобия. Достаточные статистики, полные статистики. Теорема факторизации
	Неравенство Рао– Крамера. Эффективные оценки
	Теорема Рао– Блекуэлла– Колмогорова. Оптимальность оценок, являющихся функцией полной достаточной статистики
	Метод моментов. Свойства оценок, полученных методом моментов
	Метод максимального правдоподобия. Свойства оценок максимального правдоподобия
	Интервальное оценивание: Центральная статистика и использование точечной оценки
	Проверка гипотез. Лемма Неймана– Пирсона
	Критерии согласия Колмогорова и хи-квадрат
	Статистические выводы о параметрах нормального распределения. Распределения хи-квадрат и Стьюдента. Теорема Фишера

	Дополнительные главы теории вероятностей
	Усиленный закон больших чисел
	Обобщённое неравенство Чебышёва

	Таблицы основных распределений

